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The Shoemaker's Knife. 
By J. S. Mackay, M A., F.R.S.E. 

§ 1. Some of the properties of the figure which, on account of its 
shape, the Greeks named the Shoemaker's Knife (Ap^-nXoi) are given 
in the Lemmas attributed to Archimedes ; others occur in the fourth 
book of Pappus's Mathematical Collection. The Lemmas (which are 
not extant in Greek, but have been translated from the Arabic) are 
generally considered to be spurious ; it is, however, regarded as pos- 
sible, if not probable, that the theorems among them relating to the 
Arbelos may be due to Archimedes. Whether they are or not, the 
figure and the principal proposition respecting it which Pappus gives 
are said by him to be " ancient." It may be added that the Arbelos 
does not seem to have attracted much notice from geometers, few of 
them having treated of it, and fewer still having added to the pro- 
perties known to the ancients. (See Steiner's Geaammelte Werke^ 
Vol. I., pp. 47-76, and TJie Lady's and Gentlemxin^s Diary for 1842 
and 1845). 

The object of the present paper is to collect together the principal 
and simplest properties of the figure, and to demonstrate them in a 
uniform manner. 

§ 2. Figure 1. In the arbelos AGBJCM, that is, the curvilineal 
figure contained by the three semicircumferences AGB, BJC, CMA, 
the two semicircumferences BJC, CMA are together equal to the 
semicircumference AGB. 

J^^or AB = AC + BC ; 

and the circumferences of circles are proportional to their diameters ; 
therefore the semicircumference AG B = semicircumference AMC 

-H semicircumference BJC 

§ 3. Figure 1. The arbelos AGBJCM is equal to the circle whose 
diameter is CG, the common tangent at C to BJC, CMA. 
For AB* = AC^ + BC» + 2 AC BC, 

= AC» + BC2-|-2 CG*. 
Now circles are proportional to the squares on their diameters; 
therefore the semicircle on AB = semicircle on AC -I- semicircle on BC 

+ circle on CG ; 
therefore the arbelos AGBJCM - circle on CG. 

Archimedes, Lemma 4. 



§ 4. Figure 1. The two circles inscribed in the arbelos and 
touching CG are equal. 

Let HJK, LMN be the two circles. Draw the diameters HP, 
LQ parallel to AB. 

Because N is the external centre of similitude of the circles AOB, 
LMN, and because AB, QL are parallel diameters ; 
therefore the points A, Q, N, and B, L, N are collinear. 
Because M is the internal centre of similitude of the circles AMC, 
LMN, and because AC, LQ are parallel diameters ; 
therefore the points A, M, L, and C, M, Q are collinear. 

Let AN meet CG produced at T, and let AL meet the semicir- 
cumference AGB at R. Join BR. 

Because YC is perpendicular to AB, 
and BN is perpendicular to AY ; 
therefore L is the orthocentre of triangle YAB ; 
therefore AL produced will be perpendicular to BY. 
But AR is perpendicular to BR ; 
therefore BR and RY form one straight line. 
Now since angles AMC, ARB are right, 
therefore CQ is parallel to BY ; 
therefore AB : BC = AY : YQ, 

= AC iQL ; 

ACBC 



therefore LQ = 



Similarly HP = 



'AB • 
BC.AC 



AB ' 

therefore HP = LQ. 

Archimedes, Lemma 5. 

Cor. Figures 2, 3. If the circles AMCj, BJC, intersect, or have 
no point in common, the circles HJK, LMN are equal, provided CG 
be the radical axis of AMC^, BJC,. 

For it may be proved as before that 
AB:BC, = AY:YQ, 

= AC:QL; 

therefore LQ = — r^=r— ^ 

AB 

Similarly HP = .^^'^^' 



AB 



Now AC • BOi - AG • BO T AC • 00^, 

and BO • ACa = BO • AC + BO • CCj. 

But AC • COi = BO • OO2, since 0, being a point on the radical 

axis of AMCi and BJO« has equal potencies with respect to these 

two circles ; 

therefore HP=LQ. 

This extension of the theorem of § 4, due to an Arabian mathe- 
matician, Alkauhi, is given in Borelli's Apollonii Pergaei Conicorum 
Lib. F. VL VII. et Archimedia Aaaumptorum Liber (Florentise, 1661) 
pp. 393-5. 

§ 5. Figwre 1. The common tangent to the two circles AMO, 
LMN at M passes through B, and the common tangent to the two 
circles BJO, HJK at J passes through A. 

For the angles AOL, ANL are right ; 
therefore the points A, 0, L, N are concyclic \ 
therefore BABO = BNBL, 

that is, B has equal potencies with respect to the two circles AMO, 
LMN; 

therefore B is on the radical axis of the two circles. 
Now M is also on the radical axis ; 
therefore BM is the radical axis, or common tangent at M. 

Similarly for A J. 
Cor. 1. BM = BO, and AJ = AG. 
For BM« = BABO = BG« ; and AJ« = AB AC = AG*. 
Cor. 2. BM bisects CL at V, and AJ bisects OH at U. 
For the radical axis of two circles bisects their common tangents. 
Cor. 3. Hence is derived a method of folding O, and Ox, the centres 
of the circles LMN, HJK 

From B draw BM tangent to the circle AMO, and cutting OG in V ; 
make VL = V ; and through L draw LQ parallel to AB. If F be 
the centre of the circle AMO, FM produced will meet LQ in O3, 

Similarly for Oj. 
Cor. 4. Figure 4. If AG cuts AMO at T, and BG cuts BJO at W, 
TW is a common tangent to AMO, BJO. 

Join OT, CW, and let OG, TW intersect at 1. 

Since angles ATO, AGB, OWB are right, 
therefore CTG W is a rectangle ; 
therefore IT and IW are each equal to 10 ; 
therefore IT and IW are tangents to AMO, BJO. 
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§ 6. Figure 5. The first oorollary of § 5 is a particular case of 
the following theorem : 

Let AGB be a semicircle, and CG be perpendicular to AB. If 
a variable circle HJK be described to touch CG and the arc BG, 
and from A a tangent AJ be drawn to it, the length of AJ is con- 
stant. 

Let D and O be the centres of AGB and HJK ; DO will pass 
through EL Join OA, OH, OJ, and draw OX perpendicular to AB. 

Then A0» = AD* + D0« + 2 AD DX, 

= AD« + (AD - 0X)« + 2 AD (DO + OX), 
= AD« + AD« - 2 AD OX + 0X« + 2 AD DO + 2 AD OX, 
= 2 AD« + 2 ADDO + OX*, 
= 2 ADAO + OX'; 
therefore A0« - 0X« = 2 AD-AO ; 
therefore A J« = AB AO. 

The theorem is still true if the variable circle touch OG produced 
and the arc AG externally. It is also true when OG the perpendicular 
to AB touches the semicircle, or falls entirely outside it {Figwre 6), 
the contact in these cases being necessarily external. 

Leyboum*s Mathematical Repoeitory (New Series), Vol VI., 
Part L, pp. 209-211. 

§ 7. Figure 1. The theorem of § 4 may also be proved thus : 
Let D, E, F be the centres of the semicircles AGB, BJO, OMA, 
and let Oi, O, be the centres of the circles HJK, LMN. 
From Oj, Oj draw OiX^, OgXa perpendicular to AB ; and join DOj, 
EOi, DOa, FOa. 

Then DOi passes through K, EO^ through J, DO, through N, and 
FO, through M. 

Also OXi = the radius of HJK, OX, = the radius of LMN ; 
AD = iAB =JAO + iBO = FE; 

FD-AD-AF «FE-FO «0E; 
AF = FD + DO «OE + DO -DE. 
Now FOa«-DO,« = FX,»-DX". 

But F0,« - D0,« = (FM + M0,)» - (DN - NO,)", 

« (FO + 0X,)« - (AD - OX,)", 
-F0«-AD» + 2AE0X,; 
and FX,« - DX,« - (FO - 0X,)« - (DO - OX,)*, 

= FO" - DO" - 2 FDOX, ; 



therefore FC» - DC« - 2FDCX2 = FC^ - AD« + 2 AECXj ; 
therefore AD' - DC = 2 (AE + FD)CX» 

«2 ABCXj. 
Again DOi" - EOj' = DX^' - EXj'. 

But DOi' - EOi« = (DK - KOi)« - (EJ + JO,y, 

= (AD - CX,Y - (CE + CXi)S 

= AD»-CE*-2FB0Xi; 
and DXi' - EX^^^ = (DO + CX.f - (OE - OX^f, 

= D0«-CE» + 2 AFCXj; 
therefore AJD« - CE« - 2 FB-CX^ = DO" - CE» + 2 AFOXi ; 
therefore A D« - DO' = 2 (AF + FB) OXi, 

= 2 ABOXi. 
Hence 2 AB-CX^ = 2 AB-OX,, and OX^ = CX^. 

The Gentleman*8 Diary for 1833 p. 40. 

§ 8. Figure 1. E and Xg are inverse points with respect to circle 
AMG ; F and Xj are inverse points with respect to circle BJO. 

For FE = :^; 

2 

FXa^FO-CXg, 
^AO AOBO 
2 2AB ' 
_^ AO'AB-ACBC 

2 AB 
_ AC 
2AB' 
AB A0« 



Hence FEFX 

' 2 

An2 

= FOl 



2 •2AB' 
AO' 
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Similarly for F and Xj. 
Cor. 1. EOj + EXi = BO, and FOj + FX^ = AC. 
For E0i + EXi = EXj + EXi = 2 EO = BO; 
F03 + FXj = FXi + FXa = 2 FO = AO. 
Cor. 2. DOi + DXi = AC, and DOj - DX2 = BO. 
For DOi = DK - O^K, and DX^ = DO + CXj ; 

therefore DOj + DX^ = DK + DC = DA + DO = AC. 
And DO2 = DN - O2N, and DXg = DO - CX2 ; 
therefore DOj - DX, = DN - DO = DB - DC= BO. 



§ 9. Figure 1. Relations between FO, and EOi. 

(a) Their values. 

FO2 = FM + O2M, 

_ AC ^ AC'BC _ ACAB + ACBC _ AC (AB + BC ) 



2AB 



2AB 



2AB 



Similarly EO, = ??i^t^). 
•^ ^ 2 AB 

(b) Their sum. 

FO2 + EOi = J (AC + LQ) + i (BC + HP), 
= JAB + HP. 

(c) Their difference. 

FO2 - EOi = i (AC + LQ) - J (BC + HP), 
= i (AC - BC) = CD. 

(d) Their rectangle. 

F03EOi = FXiEX2, 

= (FC + CXi) (EC + CX2), 

= FCEC + FCCX2 + ECCXi +CX1CX2, 



ACBC 



- + 



FECXi 



+ CXA 



ACBC.AC + BC ACBC . HP 
ACBC . HP' 



2AB 4 
= i(2CG« + HF). 



(e) Their ratio. 

vn vn AC(AB + BC) . BC(AB + AC) 



= AC (AB + BC) 
= 2 AF-2FB 
= AFFB 



BC ( AB + AC), 
2 EB • 2 AE, 
AE • EB. 



§ 10. Figure 1. Relations between CL and CH. 

(a) Their values. 

The right-angled triangles BCV, BMF are similar ; 
therefore BC : 2 C V = BM : 2 MF ; 

BC:CL = BG:AC; 

ACBC CG« 



therefore 
therefore 



CL = 



BG BG" 



Similarly 



^„ ACBC_CG« 
^^=^G-"AG' 
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(b) Their sum and difference. 

ol ± oh « cg«/ jl ± j_\ = oq«/ -^^±^q \ 

Ibg^ag; Iagbg/' 

,CG'( ^Q±BQ \^gg(AG±BG). 

(o) The sum of their squares. 

From the theorem, If a straight line be a common tangent to two 

circles which touch each other externally, that part of the tangent 

between the points of contact is a mean proportional between the 

diameters of the circles, 

there results OL" = AOLQ and OH" « BOHP ; 

therefore 0L« + 0H« = (AO + BO) HP, 

= ABHP = AOBO - 0G«. 
Oor. AB : BO = OL« : LQ", and AB : AO = OH" : HP". 



For AB:BO = AO 

= AOLQ 
= 0L" 

Similarly AB:AO«OH" 



LQ, 
LQ". 
LQ", 
HP 

Pappus, Book IV. Prop. 17. 



(d) Their rectangle. 

Since 0L« = AOLQ, and OH" = BOHP ; 

therefore OL"OH"« ACBOHF=OG"HP; 
therefore OLOH - OGHP. 

(e) Their ratio. 

Since OLBG « OG" « OHAG ; 

therefore OL : OH = AG : BG. 

§ 11. Figure 1. The arbelos is equal to the least circle which 
can be circumscribed to touch the circles H JK, LMN. 

The diameter of the least circle which can be circumscribed to 
touch HJK, LMN will pass through 0^ and Og, and will be equal to 
OiOa + HP. 
Now OA'^I'L", 

= HL" + HP", 
"(OL-OH)" +HP", 

-^,(AG-BG).+ ^, 

- ^* (AG« + BG» - 2 AGBG + CG»), 



=. ^ (AB* - 2 AB<K} + CCm, 

therefore OA = £^ (AB - OG), 

AB 

-CG - ?^". 
AB' 

-CG-HP; 

therefore OA + HP = CG. 

Leybonm's MathemcUiecU Repository (New Series)| 
VoL VL, Part L, pp. 155, 214. 

§ 12. Figure 7. If from 0^, 0,, the centres of two circles which 
touch the semicircles AKB, AMO, and each other, there be drawn 
OjX^ OjX, perpendicular to AB, and if r^, r^ denote the radii of 
circles Oi, O^ then 

OiXi + 2 ri : 2 ri = OA : 2 r^ 

Of the six centres of similitude of any three circles, every two 
internal centres are coUinear with one external centre^ and the three 
external centres are collinear. Hence, since J is the internal centre 
of similitude of the circles 0^ and AMO, and M is the internal centre 
of similitude of the circles O, and AMO, JM produced passes through 
E, the external centre of similitude of the circles Oi and O, Since 
K is the external centre of similitude of the circles Oj and A£B, and 
N the external centre of similitude of the circles O, and AKB, 
therefore KN produced passes also through K Now with reference 
to E the external centre of similitude of circles O^ and O,, the points 
J and M are anti-homologous points, as also are K and N, and two 
anti-homologous points coincide at H ; 
therefore EJEM = EH» = EKEN. 

Hence E has equal potencies with respect to the circles AMO, AKB ; 
therefore E is a point on the radical axis of AMO, AlKB ; 
therefore EA is the radical axis of AMO, AKB. 
Therefore EA» = EJEM = EH' ; 
therefore EA = EH. 

Now since EA^EH, and 0,Q is parallel to EA and b0,H, 
therefore A, Q, H are collinear. 

And since 0,Q and O^G are parallel and opposite in direction, 
therefore Q, H, G are collinear. 
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Let AOj meet OjG at P. 
Then FG : 0,Q » AG : AQ, 

= UiE : 0,E, 



r^:ry 



But O2Q = r^ ; therefore FG « r^, and FOj = 2 r^ 
Lastly FXi ; OjXg = AXj ; AX^, 

therefore OiX^ + 2 rj : 2 ri = OaXj : 2 rj. 

Cor. The figure given for the theorem is susceptible of various modi- 
fications ; for example, AKB may touch AMC externally at A, and 
then the circle Oj may touch both semicircles externally or both in- 
ternally. Whether AKB touch AMC internally or externally, if its 
centre moves off to infinity in either direction along AB, instead of 
the two semicircles AKB, AMC, there will be the straight line AE 
and the semicircle AMC, and the theorem will still be true. 

Pappus, Book IV., Prop. 15. 

§ 13. Figures 8, 9. Let the semicircles AGB, AMC touch each 

other internally at ^, and let a series of circles Oi, O,, 0» &c., whose 

radii are denoted by r^, r^ r^ &c., touch AGB, AMC and each other 

consecutively; if from the centres Oj, O2, O,, &c., perpendiculars 

OjXi, OjX^ OjXj, &c., be drawn to AB, then 

(a) When the centre of the first circle Oj lies in BC 

OjXj OjXg OsXg O4X4 U^iXft 
> • > > » 

n ^a ^8 *•< ^n 

= , 2 , 4 , 6 , 2(w-l). 

(6) When the first circle touches BO 

OjXi O2X2 03X3 O4X4 OnXn 

:> > > J 

n rj ra U ^n 

= 1 , 3 , 6 , 7 , 271-1. 

In other words, the quotients obtained in the manner above described 
from the Shoemaker's Knife are the even numbers, those obtained 
from the Shoemaker's Pastehom (as the figure AGBCM may be 
called) are the odd numbers. 
For OiXi + 2n _ OA . 

therefore 2l^' + 2 = ^^. 
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Now when the centre O, lies in BC, 
2i^-0; therefore ^^ = 2. 

Again _l±? + 2«— ?— ?; therefore —•=? = 4; and so on. 

When the cirele O, touches BC, 

^^^ = 1; therefore ^?? = 3, ^^-5; and so on. 

Cor. It will be seen that in figures 8 and 9 there are three circles 
AGB, AMC, and 0| in mutual contact, and that of the series of 
circles O,, 0„ O4..., the first touches O^, the second O,, and so on, 
while all touch AGB, AMC. If, out of the three circles of mutual con- 
tact, instead of choosing AGB, AMC to be touched by all the series 
Os) 0„ O4..., we choose AGB and Oj, we shall have O9 as before, 
touching AMC, and a second series O,, O4..., consecutively inscribed 
in the curvilineal space bounded by the circumferences Oj, 0„ and 
AGB. If we choose AMC and O^ to be touched by all the series 
Os) Os, O4..., we shall have O,, as before, touching AGB, and a third 
series, 0„ O4..., consecutively inscribed in the curvilineal space 
bounded by the circumferences 0^, Oj, and AMC. With respect to 
these two series of circles the property enunciated in § 13 holds good. 
It also holds good with respect to the three series of circles that may 
be inscribed when the semicircles AGB, AMC are replaced by straight 
lines perpendicular to BC at the points B and C ; these straight lines 
being the limits towards which the two semicircles tend when their 
centres move off to infinity in the direction B A. 

Pappus, Book lY., Prop& 16, 18. 
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Second Meeting^ December 12thf 1884. 



A. J. G. Babclat, Esq., M.A., President, in the Chair. 



Failing Oases of Fonrier's Double-Integral Theorem. 

Bj Pktsb Alkxandkb, M.A. 

_ • 

Fonrier^s Theorem, as usnallj stated, is 

1 rao / r+oo \ 

if>(x)^ — I I I itk{y)Qosiw{x-v)dv\du). 

Most writers give this without limitation, but De Morgan {Diff* 
and IfU, Calc, pp. 618 &e.) directs attention to what he calls the 
appcuretU neglect by previous writers of the limitation of the theorem 
to functions which satisfy the condition 



J 



+00 

<f)(v)dv » a finite quantity. 



After showing' that this limitation is neglected in each of three 
methods by which the theorem had been verified, he proceeds to 
show that the limitation may be removed, and that the theorem is 
universaL He says — 

" Returning to the expression 

1 r+^ 1 ( r+°^ ) 

^(«) = -H7 ^{v)dv + — 2 "I coBto(x-v)€f>{v)dvAto> (A.) 

^* first observe that 



Ua^Xi + A^x^ + &c)da or \l 2 (Ac) |(to 



** is identical with 



I Aida.Xi + A^da.x^ + &c, or 2 i I A da.x\ 

"provided only that aci, oc^ &c., are independent of a, 
" Write the expression (A) in the form 

— I ] i^*'' ^8 (X'-v) + Aw cos Aw (x-v) 

4- Aw oos 2Aw (a - 1?) + &c. l<^ (v) dv = <f>{x). 
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" This expression is absolutely true for ~ /(«)/, whatever the values of 
** I may be, and the series it contains is the limit of a set of convergent 
" series made by diminishing k without limit in 

^ Aw cos (as - v),€^o.K/iw + Aw cos Aw (x - 1?).€— fAta 

+ Aw cos 2Aw {x - 17).€— 2#cAm7 + 

" Let K have any positive value, however small, and let the preceding 
" be multiplied by <i>{y) and integrated with respect to v from v = - / 
"to 17= + Z; that is from r=a - {ir-^Aw) to v^ + (tt-j- Aio) ; and if x 
" lie between these limits the result will be as near as we please to 
" <i>{x) if fc be taken small eaough. Since the series is convergent this 
" might be verified by actual arithmetical operation. 

" N'oWy since the individual terms of the preceding diminish without 
" limit with Aw, any one or more ofthem^ in fotct any finite and fixed 
" number ofthem, might be erased or altered in any finite ratio without 
" affecting the result. 

" If then in the first term we change \ into 1, (or if we erased the 
" first term altogether,) the limit of the result, when Aw is dimished 
" without limit, is strictly 

1 /• j.^.i,Q poo 

* cos to (as - 1;).€ — ftr <^ (y) dv,dw = <^ («) 4- a 

^ J — ir-^-Oj 

'* where a and k are comminuent. 

" Diminish k without limit and we have Fourier's theorem as given." 
This reasoning seems plausible, but is fallacious. The fallacy is 

contained in the words "Now, since the result," which I have 

italicised. He takes it for granted that, because the term 
I Am? cos (x- v).€—0,kAw,(I)(v) or J Aw <f>{v) 

diminishes without limit with Aw, its integral 

CAw 

^Aw.<l>{v) dv 

Aw 
also dininishes without limit with Aw, which does not of necessity 
follow. In fact he admits that it does not in a former part of his 

" r 

discussion of this theorem, where he says : — <t>{v)dv-7-2l may i 

such case (i.e., if [ <^{v)d/o increase without limit with I) either increase 
without limit, have a finite limit, or diminish without limit" [Here I 

s — and TT is dropped.] 
Aw 



in 



u 



f Am; 
To prove that ^ ^w.4>{v)dv is not necessarily zero, 



Ato 

\et<i>iv)^~4iv\ Then 
dv 



j_^;iA«,.^(«)^.-j A«{^(^)-^ (-£)} 



At^ 
or 



Now if^l^^j-^ i-JLj become zero or remain finite when 

Am? is dimished without limit the integral will become zero. But if 

\1/ \^\-\b I- ,— lincrease without limit when Aio is diminished 
^ \At(?/ \ Aw?/ 

without limit the integral will not necessarily become zero. 

For example, suppose 

<^(t?) =/? for positive values of v 

and =q „ negative „ „ 

Then }p{v) ^pv for positive values of v 

and ^qv „ negative „ „ 



ir 



Lw 



Th» J_'7ji»*W*-JA»{^(£)-*(-^)} 

= 1^.^-5 (-5)} 

which is not zero unless q^ ^'p. 

In cases such as this Fourier's Theorem fails, and instead of it 
we should use 

^ (a;) = I . I -— ^ (v) e^«? I + - ^{y) cos V)(x - v)dvdw. 

(B) 

which is universal. 

This follows at once from (A) which is true for all periodic func- 
tions of period - l{x)L 

Now a non-periodic function may be looked upon as a periodic 
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f uaction of infinite period - ao («) x» . But (A) is true however great 
the period - l(x)l be, hence its limiting form, (B), will be true for a 
function of infinite range, that is for a non-periodic function. 

I shall now give one or two illustrations of the failure of Fourier's 
theorem, and show that the modified theorem (B) gives the true ex- 
pression. 

First example — 
Let <f> (x) ==p for all positive values of as. 
and =q „ negative „ „ 

Then <f} (r).cos w (x-v) dv.dw 

= - \ P \ ^^s iJo(^-v)dv-hq cos to (x - ») rft? V 






smw Xy 
aw 



w 

P-9 



-'-i-14)-* 



2 
according as a; is positive or negative. 

TMs is certainly not =<^(aj). Hence the ordinary form of 
Fourier's theorem fails in this case. 

But let us see what (B) gives. 



L^. [^{'''*"}] 



2 
consequently 



P+q. 

> 



Lr — I </> (i?) (ft? I + — I r </> (t;).cos w{x'-v) dv.dw) 
1=00 L 2^ J— I J 'rjoj__ao 



P+q^P-9 
" 2 - 2 "^^''^' 

according as rr is positive or negative. 
Therefore (B) holds in this case. 
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Second example — 

Let (f>(x)'=»a{l+ €— ''** ) for positive values of x, 
and ■« 6 (1 + e*"*) „ negative „ „ . 

Then 

— </> (v) COS to (a; - v) {fo.(it(7 

■a I -{I a (1 + r'"^'' ) cos to (» - v) dv 

+ 



r 5 (1 + €*^*) COB io(X'-v) dv \dtv 

— I I ^1 I <5<^s ^ (® ~" '^) ^^ + I ^^'^ ^08 w (x-v) dv\ 
+ il I cosw(X''v)dv+ ^^ cos to {x- v) dv \du) 

— ia\ COS tjox I COS WW (ft; + €—^^ cos uw dv\ 

+ sin tcKc I sin t(n; (f t; + e-'"^ sin ten; c^ 1 1 
+ h\ cos lox I cos MW eft? + c***^ cos vw dv\ 
+ sin toa5 1 sin tot; rft? + ^'^ sin uw c?t; 1 1 [(fto 

+ 61 costttc |0 + — ^^1+ sin teas I ,^ , ■ I J-cfto 

L L fiv + vrl \ w nr + vr/jJ 

If/ . r\ r*cos toaj , . / ,v r^sin toa; , 

T{<°*'>»-&'*~*<'-"(*-f) 
+ (-4)(±-I.T~)} 



-2122/ 
the upper or lower sign according as x is positive or negative. 
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This becomes 

+ a€""'^when a: is positive, 



«-ft . - — JIMf 



2 
and - — — - + b c^"**** when x is negative, 

and is therefore not » <f>(x). Hence Fourier's theorem again fails. 
Let US now examine what (B) gives in this case. 

-L4l{-^'-5=") 

_ a + b 

HencQ 

I J _ ["ojl ^(v)^^^!^- — I [ if>{v)coBfo (x-v) dv.dw 

{4*(-r*°-i-')'*"'} 



?±»t 



(!^»t-»)(l+.T-). 



according as a; is positive or negative. 

This gives a (1 + c— »«) when x is positive, 
and 6(1+ cm* ) ,j ,, negative, 
that is, it gives 4>{x). 

Hence (B) holds for this case. 

Some writers, as Duhamel and Price, to avoid difficulty, assume 
that <f> (x) never = oo , and <^ (a;) = when a; = ± oo , thus ignoring all 
such functions as the two dealt with abova 

Similarly, Todhunter annexes to the theorem the condition that 

I ri .1 

— - I <l> (v) dv vanishes with—-. 

2* J —I I 

Freeman, Fourier's translator, (Theory of Heat^ p, Zb\) says that 

Poisson first gave a direct proof that 

<^ (a;) = -{ — dq\ rfa.€~*^ cos {qx - qa) <i> {o)\ __ 
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K being put = after the integrations, and that Boole regarded 
Fourier's theorem as unproved, unless equivalent to this. But this is 
just what De Morgan tried to prove, and failed in doing, as I have 
shown. Moreover, if we test this on the first of the two examples I 
have chosen, we have 



00 

— KW 



dv,€~~'^ COS w{x-v).<f> (v) 



1 rdu> r- 

^ Jo J— 00 

= _r (£t(7.€""*"^ I jt> I coau>(x''v)dV'hq \ OQBw{x^v)dv\ 

-7j?--W^)^-^)} 



jr Jo *o 



ft 

If now we put k = this becomes 



TT \ 2 / ""2 
which is not = <l>{x). 

Therefore Foisson's formula gives the same result as Fourier's 
and seems subject to the same limitations. 



JSfote. — In the discussion which followed, Professor Chrystal and 
Dr Muir mentioned one or two papers* worth reading on this sub- 
ject ; Dr Muir also stated that he had some little hesitation in accept- 
ing the remarks on Poisson's form, and hoped Mr Alexander would 
examine further into the matter. 



* G{reg(yryf). On Fourier's Theorem. Cambridge Mathematical Journal, 

m., pp. 288-290. 
Walton, W, A demonstration of Fourier's Theorem. Quarterly Journal 

of Mathematics, VIII., pp. 136-138. 
Olaisher, J, W. L, On Fonrier's double-integral Theorem. Messenger of 

Mathematics f II., pp. 20-24. 
Du Bois Beymond, P, Snr les formules de representation des fonotions. 

Comptes rendu8...V&nB, XCU,, pp. 915-918, 962-964. 

These are in addition to the list given by Freeman at the place above 
cited. 
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Note on a Function of two Integral Arguments. 

By Thomas Muik, LL.D. 

1. In the part just issued of the American Journal of Mathematia 
(vii, pp. 3, 4) Professor Caylej has occasion to deal with the function 

where I i r stands for « (t - 1) ...(« -7 + 1). He points out that 

expresses {t, 1}, {i, 2}, ... {t, 5} each in descending powers of •, and 
tabulates the function from {1, 1} to {5, 5}. 

2. The series which defines the function may be looked on as a 
sum of terms, each of which is a product of a number of combinations 
{^m,r) ^^^ & number of permutations (Pn,m-r): that is to say, we 
may write the definition as follows — 

yn, n\=Fm,n + On;iPm,t^l +On^m,n-a + + I. 

Now, multiplying both sides by m+ 1, and bearing in mind that of 
course 

(m + l)Pm, n-^ =» I^m+l, n-r+1, 
we have 

(m+l)|w, n|= Pm+l, n+l + On. 1 Pm+1, n + On, 2 Pm+1, n-1 

+ +(wi+l). 

But by definition 

|m + 1,71 4- 1| = Pm+l,n+l + On+l.lPm+1, n + On+1,2 Pm+l, »t-l 

+ + 1, 

and^therefore by subtraction and using the fact that 

On+l,r - On, r = On,r— 1 
we have 

|iii+ l,n + 1| - (m + l)|m,n| =Pw»+i,n + On, 1 Pm+i,fi-i + ... + 1 

= 1 m+1, n \: 
and hence, as our law of recurrence, 

jni+l, n+l|= (w + l)|m, n\ -^ ( w + 1, n|. (1.) 
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3. Now, since |nt, l|-=:m + l the first line of our table is 

2,3,4,5,6,7,...; 

then from (I) 2*2 + 3, 3*3 + 4, 4*4 + 5, 5*5 + 6, ... give us the items of 
the second line, viz. 

7, 13, 21, 31, 43, ... ; 

similarly 3*7 + 13, 4*13 + 21, 5*21 + 31, ... give us the items of the 
third line, viz. 

34, 73, 136, 229, ... ; 
and so on ; the table thus being 



1 
2 
3 
4 
5 



3 
7 



4 
13 
34 



5 

21 

73 

209 



5 



6 

31 

136 

501 

1546 



7 

43 

229 

1045 

4051 

13327 



4. Further, the following properties of the function may be noted ; 
several of them, especially the last three, may be used as a check 
upon the preceding process of calculation. 

Since im^ n>=m-{m-l,n-li + -{w,n-li 

and -jn,i»>= n|n-l, m-l> + -{n,m-l}-, 
therefore by subtraction and division 



|n,m-l}-|w,H-l| , . 

A i — ^ i= |m-l, n-ll. 

m-n I J 



(II.) 



Similarly we have 
m 



jn, m-l|-n|m, n-l| , . 
m-n I J 



(III.) 



And consequently from these two 

myn-ly n\ + Un+ly ni=n|n-l, m> + |n+l, m|; (IV.) 
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that is to say, w-cw-1, wV + -{m+1, nj-is symmetric with re- 
spect to m and rj, a fact which may also be seen from noting that 
either side of (IV) is equal to 

Again, since from (I) we have 

|w + 2, ?i| = |n + 2,w+l|-(?i + 2) |n+ l,/i| 

|w+l,n + 2| = (w + l)|w,n+l| + |w+l,w + l| 

and in+ 1, w + 1 1 = (n + l)in, n\ + |n+^l, nV 

therefore by addition 

|w + 2, 7i| = (n + l)|ri, n| : (V.) 

that is to say, the numbers in the third diagonal of the above table are 
known multiples of the corresponding numbers in the first diagonal 

Again from (II) by writing 2n for m, and »i + 1 for w, we have 

|w+l,2n-l|-|2n,wl = (n -l)|2/i-l,w| 

and from (I) 

|w, 2w| = n|n- 1, 2w - l| + |w, 2n- l| 

therefore by addition 

hn-l,n+l\= nlhn - 1, w| + hn -l,n- l|l(VL) 

that is to say, in every odd colu/mn of the table there is one item which 
is a known multiple of the sum of the preceding pair of items. 

Also, the first item of the said pair is the arithmetic mean of the 
item immediately to the right and the item immediately above the 

latter. C^I-) 

This follows from (HI) by putting m = 2n and dividing by n, 

5. Lastly, it may be remarked that the function {m, n} viewed 
as one whose arguments pro(;eed not by finite differences but by 
differentials is a case of Gauss' function F (a, ^, y, a;), viz., that case 
where a= — m, /?= -w, y — x = ao. 

BiSHOPTON, Glasgow, 
7th Nov. 1884. 
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On the number of conditions determining geometrical figoreB. 

By A. Y. Eraser, M.A. 

§ 1. This paper is an attempt (I) to deduce from first principles 
the number of conditions required to determine a plane polygon of n 
sides ; (II) thence to deduce the numbers for special cases ; and (III) 
to discuss the effects of a redundancy and a deficiency in the number of 
conditions. An investigation of this kind should form an important 
as well as interesting accompaniment to the ordinary study of elemen- 
tary geometry. 

§ 2. Figures may agree in many respects, as in perimeter, size of 
angles,* &c. ; but here they are to be considered only as they agree 
or differ in (a) Shape, (b) Size, (c) Position ; or combinations of these. 

When figures are to be determined in position, a plane is assumed 
containing axes of reference. 

§ 3. A condition is the limitation to which an element or part of 
a figure is to be subjected. This limitation is always ultimately re- 
ducible to an assertion of equality between an element of the figure 
and a given magnitude of the same kind. The given magnitude may 
be (a) A ratio, (b) an angle, (c) a length ; or any known function of 
these. 

In enumerating conditions certain precautions must be taken that 
spurious conditions be not admitted. Conditions must be consistent, 
otherwise the problem is impossible; but they must in addition 
stand the two tests now to be discussed. One of these tests will be 
seen to relate to the subjects, the other to the predicates of conditioBB. 

§ 4. In the first place in each condition the element given must Ahm 
a determinate and stated relation to tlie figure to be constructed. In otber 
words the number of conditions is in every case deduced on the suppOBi- 
tion that the points, lines, angles or parts of figures mentioned are de- 
scribed in language free from ambiguity. 

For example, it is not in general sufficient to say " Given two 
sides of a quadrilateral " ; the sides should be further described as 
either " adjacent " or " opposite " as the case may be. So in general 
it is not sufficient to say " Given a diagonal " ; the particular diagonal 
should be indicated. Whether a condition satisfies this requirement 



* In crystallography, for example, angular relations are the all-important 
thing, not linear relations. 
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may always be tested thus : Imagine the figure determined, and see 
if the condition in question be now determined ; if so, and only if so, 
it is to be admitted as in this respect a proper condition. 

In the second place the conditions must he independent. It should 
not be possible to deduce any one condition from the others. 

Without actually trying to deduce a suspected condition from the 
others, the following test is often of easy application : A condition 
that is independent, and only such a condition, may be varied with- 
out in any way changing the others. As an example, apply this test 
to the triangle having given first the three sides (independent), second 
the three angles (dependent). 

I. 
§ 5. The point. 

Of a point the position is all that has to be determined, and this 
is done by two conditions. This number may be deduced from the 
conditions for the straight line in much the same way as will be done 
for an infinite line ; or, independently, from the fact that a point is 
determined by two coordinates parallel to the axes. 

It will be observed that the set of conditions for a point being 
determined, the set for a line can be deduced j and reciprocally. No 
matter then which of the two we begin with, a good reason can be 
given for beginning with the other. To those who think the point has 
an irresistible claim to priority it may be remarked that to determine 
a point by its coordinates (a, h) is really to determine it by the inter- 
secting of two lines whose equations are x = a^ y = h. 

§ 6. The straight line. 

7%tf number of conditions determining tlie shape of a straight line 
is zero. For the shape is fixed by the definition. 

The magnitude of a straight line is deterrmned hy one condition. 
For the length only is required. 

The position of a line of given magnitude is determined hy three 
conditions. These may be the intercepts OA, OB, on the axes, and 
the distance of one end of the line from the origin ; but there are 
many more sets of three eo^lv suitable. 

Thus a finite straight j^^^ completely determined by four con- 
ditions. Hence an infinite^^iight line is determined by two condi- 
tions ; for the characteristic " infinite " involves two conditions, first 
the distance of one end from the origin (infinite), and second the length 
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of the line (infinite). Compare this with the y = mx + c of coordinate 
geometry, where the determining conditions are m and c. 

7. An important principle, to be used later on, has to be stated 
here. If a figure be already determined in shape, its size will be 
determined if one line of the figure be given in length, and then its 
position if one line be given in position. Hence in any figure, 

if N = number of conditions for shape, 

then N + 1 = „ „ shape + size, 

and (^+y+3= „ „ shape + size + position. 

8. The triangle. 

The sha/pe of a triangle is determined hy two conditions. 
If there be two triangles ABO and PQR, and if PQ = 4'AB, 
QR = k-BG and RP = k'OA ; then by giving k in succession all pos- 
sible values we get the series of triangles having what we recognise 
as similarity of shape to ABC. By eliminating >fe we get the two 
independent conditions PQ : QR = AB : BC, and QR : RP = BO : CA, 
This and other methods of deducing the number of conditions are of 
course to be found in the Sixth Book of Euclid. It need hardly be 
pointed out that among the conditions for similarity of shape a length 
can never occur. 

The shape and size of a triangle are determined hy three conditions. 
The shape, size^ and position of a triangle are determined hy six 
conditions. 

These results might be got from § 7 by putting N = 2 ; but they 
can be got independently in a great variety of ways. For example, 
the magnitude and position of the side AB of a triangle are given by 
four conditions (§ 6), and other two conditions, l B and side BC, 
will determine the triangle completely.* 

§ 9. The polygon. 

Tlie shape of an n^pn is determined by 2n- i conditions. 
This result may be got by dividing the w-gon into n-2 triangles 
by lines drawn from a vertex, and applying the first proposition in § 8. 



} a list 



* It may be of iuterest to mention that^ip^castle's Elements of Geometry t 
sixth edition (1818), pp. 416-431, contains alist of one hundred and seventy- 
one cases of triangles determined by sets of three conditions, and this list 
might now be indefinitely increased. 
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It may also be got by noticing that the shape is determined if 

n - 1 ratios of consecutive sides be given, and also n - 3 consecutive 

angles. And (n - 1) + (n - 3) = 2n - 4. 

The shape and size of an n-gon are determined 6jy 2n - 3 conditions. 
The shape^ size, and position of an n-^on are determined hy 2n 

conditions. 

These results may be obtained as follows : 

a. From § 7 by putting N = 27i - 4. 

h. By dividing the Ti^gon into w - 2 triangles and applying the results 

of §8. 

c. By giving all the sides (n) and all the angles save three (n - 3), 
and so determining the ti-gon in shape and size. 

d. By supposing given the n infinite lines (2ri conditions), the inter- 
sections of which determine the n-gon completely. 

6. By supposing the n vertices given (2^ conditions), which also 
determine the w-gon completely.* 

The following problem is discussed in order to show a real and 
a fictitious set of 2n conditions : To construct an n-gon, having given 
the n middle points of the sides (2m conditions). It is known that this 
is a determinate problem only if n is an odd number. The explanation 
of this is got on applying the second test of § 4, when it is found that 
n being even, the n points are not all independent. To prove this let 
us take the eight-sided polygon ABCDEFGH, the mid points of AB, 
BC, &C., being A'B'C'D'ET'G'H', and try to deduce H' from the others. 
AC, CE, EG being parallel to and double A'B', CD', E'F, are known 
in direction and magnitude. Hence GA and therefore G'H' are 
known in direction and magnitude ; and the point G' is known ; and 
therefore H' is known. And this will evidently hpld whatever the 
number of sides be so long as it is even. Hence in putting down the 
n points, if the last one happen to be put down in the right place, the 
jiumber of independent conditions is deficient, and the problem is in- 



*Throaghoat this paper the assumption is made that if a set of m condi- 
tions determine a figure, any other set of m conditions will determine it. The 
whole investigation goes to support this assumption ; but pending the produc- 
tion of a rigid proof, some considerations in its favour may be offered. Every 
plane figure is determined by its n angular points, and each of these has two 
degrees of freedom. Hence a plane figure has 27i degrees of freedom. And 
every condition reduces that number by one, and by one only. Thus for any 
figure the number of determining conditions is constant. 



k ■■ 
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determinate (as we shall see in § 19); and if the last point be put 
down in the wrong place the conditions are inconsistent, and the pro- 
blem is impossible (§ 3). If now a similar method be taken with a 
figure of an odd number of sides, a side, and not the distance between 
two mid points, is determined in magnitude and direction ; and the 
construction of the figure follows at once. 

II. 

§ 10. The numbers we have found hold for polygons, of which the 
only thing stated in their definition is the number of sides. When 
figures are more particularly characterized, as parallelograms, regular 
figures, <kc., a number of the conditions are involved in the defini- 
tion of the figure ; and by that number has the general expression to 
be diminished. 

§ 11. Denoting the sides of a figure by a, b, c..., and the angles 
by A, B, C..., let us take a few examples. In the case of triangles, 
isosceles triangles have involved in their definition the condition a = 6, 
and there remain two conditions required to determine shap^and size ; 
right-angled triangles have z. A a right angle, again leaving two con- 
ditions ; while equilateral triangles have a = 6, 6 = c, and there is left 
only one condition. In the case of quadrilaterals, determined as to 
shape and size by five conditions (2n - 3), there are the special cases 
trapezium (a || c), symmetric trapezium {a\\c, b = d), parallelogram (a || c, 
b\\d), rectangle (a\\c,.b\\dy A a right angle), rhombus (a = 6, 6 = c, 
c = d), and square (a = 6, 6 = c, c = d, Aa. right angle), which, after the 
numbers of defining conditions are subtracted, are found to be deter- 
mined respectively by four, three, three, two, two and one conditions. 
Examples in verification of these results are to be found everywhere 
in elementary geometry. 

A regular n-gon is determined in shape and size by one condition. 
For the equality of the sides involves n-l conditions, and of the 
angles n - 3, that is 2n - 4 in all. If this number be deducted from 
the general expression 2n - 3, the remainder is one as was asserted. 
Another way of stating this is to say that the shape is determined 
by the definition, and one condition will determine the size. 

§ 12. So far, mention has been made only of rectilineal figures; 
but a very curious problem is presented in this subject by the circle. 
Looked upon as the limiting case of the regular polygon, it might be 
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supposed to be determined in size, like a regular polygon, by one condition. 
And it is sometimes so determined ; for to give the radius determines 
the circle. But we find in other cases two conditions given, as a 
chord and the angle it subtends at the centre, or a chord and its 
distance from the centre ; and even three conditions, as two chords 
meeting in the circumference and the angle between them. 

At first sight this state of matters seems to imply a breach of 
continuity between a regular polygon and its limit ; but there is no 
such breach, as will presently be seen. 

§ 13. The appa/rent anomalies in the circle ariiefrom the failure to 
comply with the first requirement o/" § 4 ; a failure that can easily be 
shown to produce the same results even in regular rectilineal polygons. 

§ 14. We shall take as an example to work with the regular 
dodecagon (fig. \0)\ but the reasoning will apply whatever be the 
number of 'sides. This polygon is made up of twelve equal isosceles 
triangles, and if one of these be known the polygon is determined. 
To attain this end one condition will suffice; since to determine an isos- 
celes triangle two conditions are necessary, and here one, the vertical 
angle, is known already. To give then anything, as side, base, per- 
pendicular from vertex on opposite side, having a definite and stated 
relation to one of the triangles such as AOB will determine the 
polygon. 

§ 1 5. But suppose now the datum * were, " Given the line joining two 
vertices of the polygon." This line may be AB, AC, AD, AE, AF 
or AG — all other cases may be looked upon as repetitions of these — 
and each of these gives a different polygon. This in fact amounts to 
giving the base of an isosceles triangle AOB or AGO, <kc., whose 
vertical angle is not definitely known. The vertical angle is some 
one of those included in jo x \rt l where p may be 1, 2 ... 6. If then a 
line be given and merely said to be a diagonal, there is always a 
number of solutions. This number increases with the number of sides 
of the polygon, and in the case of the circle, where the diagonal has 
become the chord, it is infinite. The solution becomes definite if the 
vertices between which the diagonal is drawn be stated, or, what is the 
same thing, if the angle the diagonal subtends at the centre of the poly- 



* *' A datum is any quantity, condition, or other mathematical premiss 
which is given in a particular problem," — De Morgan, in T}it Penny Gyclo- 
padiaf voL viii, p. 313. 
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gon be given. In an n-gon this angle is restricted in magnitude to one 
of the series [1, 2, 3,...., n - l]4r^ Ls-r-n; a series that approximates 
as n increases to the case of the circle where any angle up to four right 
angles may be taken. 

§ 16. To take yet another case, let it be required to construct a 
dodecagon from the two data, " Given two diagonals drawn from the 
same vertex." These two lines belong to some such quadrilateral as 
ALOD (Jig. 10^, which we are required to detei^aine without five, 
the proper number of conditions. We know AL, AD, and that 
OL = A, OA = OD ; but the fifth condition is incomplete, for we 
know only that z. LOD is one of some half dozen possible angles. 
This angle has still to be got either directly, or by the naming of the 
vertices joined, or by the giving of the angle between the diagonals. 
Thus we may have as data for a regular polygon, two diagonals drawn 
from a common vertex, and the angle between them. For every 
regular polygon these three conditions must be taken from a finite 
number of possible sets of lines with their included angle. But the 
greater the number of sides of the polygon the greater is the number 
of these sets, till in the case of the circle the number of sets is infiinite. 
In other words, any two lines may be given inclined at any angle, 
and a circle can be described through their extremities ; or to put it 
in yet another way, a circle can be described through any three 
points. 

In much the same way, the sides produced of a regular polygon 
being considered to correspond to the tangents to a circle, the case of 
the circle determined by its touching three given straight lines can 
be deduced and explained. 

Thus the apparently redundant conditions are needed to specify 
completely the element of the one condition really given. 

§ 17. One more comparison between a polygon and a circle may 
be worth mentioning. A regular polygon is determined in size 
and position if the coordinates of its centre, the length of a line 
from the centre to a vertex, and the angle this line makes with one 
of the axes be given — in all, four conditions. The last condition be- 
comes, if we may so speak, of less importance as the sides of the 
polygon become more numerous, till in the circle it is dispensed with 
altogether. 

III. 

§ 18. Redundancy of conditions means impossibility of construc- 
tion. For a figure being determined by a certain number of condi- 
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tions, to give more than that number is to impose conditions we are 
in general unable to carry out. 

There is sometimes an apparent redundancy which does not lead 
to impossibility of construction. When this happens, all the condi- 
tions being properly specified, it is a sure indication that the condi- 
tions are not all independent. In fact, if the determining number 
of conditions for the particular case be taken, then the remaining 
conditions will be found to be deducible from these. Examples of 
this may be got in Euclid's treatment of similar triangles, where 
sometimes (VI. 4, 5) it is made to appear as if three conditions were 
necessary to determine the shape of a triangle. 

§ 19. Deficiency of conditions results in g/n indeterminate figure. 
In other words, an infinite number of figures can be got to satisfy 
these conditions. It is from this source we derive Locus problems. 
If a point or a line of a figure be given in position, and a number of 
conditions be given less, by one usually, than the determining number, 
an infinite number of figures will be got varying continuously. Then 
if a particular point be followed up in ajl these figures, the curve thus 
got is the locus of the point. 

To speak of * the curve ' is hardly correct, for the locus often 
consists of two or more curves. We may bring the paper to a con- 
clusion by pointing out how this plurality of curves arises. 

§ 20. At the outset the number of conditions determining a line 
(on which the subsequent results were founded) was deduced on the 
supposition that a line is symmetrical. But the moment a line is 
made the side of a figUre, lateral symmetry ceases ; for now a line has 
a side towards and a side away from the figure — has an inside and 
an outside. Consequently when a figure is fixed in position by the 
fibdng of a line the figure will in general have two positions according 
to the side of the line that is placed towards one of the axes. A 
similar remark may be made about the end symmetry of a line, and 
a consequent pair of possible positions. 

The four cases occur when we construct on the same base four 
congruent triangles. And now it will be seen why a locus may con- 
sist of more than one curve. For fix the base and the area, and the 
locus of the vertex is a pair of straight lines. Fix the base and a 
base angle, and the locus of the vertex is four straight lines. Other 
examples will suggest themselves. 
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On the problem to construct the minimom circle enclosing 

n given points in a plane. 

By Professor Chrystal. 

If we consider the circle circumscribing any triangle ABO (see 
figures 11, 12), and diminish its radius still causing it to pass through 
A and B ; then if ACB be an acute angle, C passes without the circle, 
but if ACB be an obtuse angle, C remains within the circle. If C 
be a right angle, the radius of the circle, being JAB, cannot be farther 
diminished. 

This result, which will be used in what follows, leads in the first 
place to the result, otherwise obvious, that the minimum circle 
enclosing three points is the circle through them when they form an 
acute-angled or right-angled triangle, but the circle having as diameter 
the line joining the two which are most distant when the triangle 
which they form is obtuse-angled. 

Let there be n points. We can always select m of them which 
form the vertices of a convex polygon enclosing all the others. The 
problem therefore reduces to finding the minimum circle enclosing a 
convex m-gon. 

Since the m-gon lies wholly on one side of the unlimited straight 
line, of which any one of its sides is a part, we may regard this line 
as a circle of infinite radius wholly enclosing the m-gon. Let us 
diminish the radius of this circle continuously (always supposing it 
to pass through two particular vertices of the w-gon). Then one or 
other of two things will happen. Either the radius will diminish 
down to its minimum value (half the selected side of the Tnrgon) before 
the circle passes over any vertex of the m-gon ; in which case the 
circle on the selected side as diameter contains all the n points, and 
must be the minimum circle, since no less circle can contain the two 
vertices started with : or the circle will first pass over a third vertex 
of the m-gon. In the latter case if the three vertices involved form 
an acute-angled triangle, the minimum circle is reached, for this circle 
contains all the n points and is the least that can contain the three 
in question ; if the triangle be obtuse-angled, we observe first that 
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the obtuse angle cannot be opposite the selected side, for by supposi- 
tion we have not reached the minimum radius which corresponds to 
a right angle, the obtuse angle must therefore be at one or other of 
the extremities of the selected side. Throwing out the vertex at 
which the obtuse angle occurs, let us still farther diminish the radius, 
the circle still passing through the two vertices retained ; by this 
process the neglected vertex passes inside the circle and need not be 
farther considered ; and we shall arrive either as before at a mini- 
mum circle on the line joining the two retained vertices as diameter, 
or at a circle passing through three vertices of the polygon, which will 
be a minimum circle if these vertices form an acute-angled triangle, 
and may be farther diminished if this triangle be obtuse-angled, it 
being remarked as before that the obtuse angle cannot be at the ver- 
tex last taken in, and so on. 

Since the radius of the circle is being continually diminished this 
process must come to an end, and that in one or other of two ways, 
viz : — either the minimum circle must appear as a circle on a side or 
diagonal of the m-gon as diameter (which side or diagonal will be the 
greatest distance between any pair of the m points), or it will appear 
as a circle described through three of the vertices of the m-gon, form- 
ing an acute-angled triangle. The minimum circle may in certain 
limiting cases contain more of the vertices than the two or the three 
that determine it, but this does not aflfect the conclusion. 

It is interesting topologically to remark that point systems divide 
themselves into two distinct classes, each of course with limiting cases, 
according as their minimum circle is determined by two of the points, 
or by three of them. 

The above discussion suggests at once the following practical 
method for determining the minimum circle of a point system. 

Construct by taking m of the points a convex polygon enclosing 
them all. Take any side of this m-gon, and find the vertex at which 
it subtends the least angle. If this least angle be right or obtuse, the 
minimum circle is the circle on the chosen side as diameter. If the 
triangle formed by the three vertices be acute-angled its circumscribed 
circle is the minimum circle ; if not, take the side opposite the obtuse 
angle, find the vertex at which it subtends the least angle, and go on 
as before. 

The number of steps in the constniction will depend of course on 
the side first selected. It is clear however that no side or diagonal 
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of the polygon can occur more than once as the chosen side, so that 
^m{m - 1) is an upper limit to the number of steps. 

In any particular case it might be more expeditious first to try 
whether a circle on the greatest side or diagonal encloses all the 
points ; if this is not so, then the minimum circle is obtained by 
finding that triangle formed by three of the m points which is acute- 
angled and has the greatest circumscribing circle. 

The theory given for the case of n points in a plane may be ex- 
tended to n points in space. Consider any three points A,B,C, and 
a fourth D. Through the four points we may describe a sphere. 
Let us suppose the sphere always to pass through ABC, and its radius 
to vary ; the circle circumscribing ABC thus forms the base of a 
variable spherical segment. Through the axis of this circle we can 
always draw a plane containing D. This plane will cut the sphere 
in a great circle, and the circle ABC in two points K and L. The 
segment KDL will be greater than, equal to, or less than, a semicircle, 
according as the spherical segment is greater than, equal to, or less than, 
a hemisphere. In the first case, if we diminish the radius of the 
sphere, D will pass without the spherical segment. Hence if all the 
four spherical segments are greater than hemispheres, that is if the 
centre of the sphere is within the tetrahedron A BCD, the sphere 
passing through ABCD is the minimum sphere. In the second case 
the radius cannot be further diminished, unless one of the angles (C 
say) of the triangle ABC be obtuse, and then the sphere may be 
reduced to a sphere having the circle described about ABD as a 
great circle. If the triangle ABD is acute-angled, the sphere now 
got is the least. If ABD is obtuse angled, the sphere may be finally 
reduced to the sphere having as diameter the side opposite the obtuse 
angle. In the last case, if the radius of the sphere be diminished, D 
will pass within ; and the possibility of further reductions may be 
discussed as in the second case. 

We may therefore classify point systems in space of three dimen- 
sions into three classes according as the minimum sphere is deter- 
mined by four, three, or two of the points. A chain of construction 
for finding the minimum sphere may be given analogous to that for 
the minimum circle in the case of co-planar points; but the details 
are naturally more complicated. 

An analytical theory of the above geometrical relations doubtless 
exists, and it might be extended to space of n dimensions. 

The plane problem might be generalised in various ways. For 
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example, if we project orthogonally the n co-planar points upon an- 
other plane, we have the problem : To find the ellipse of minimum 
area enclosing n given points, which shall be similar and similarly 
situated to a given ellipse. 

The problem of the circle, or sphere, enclosing n points is inter- 
esting in connection with the theory of functions of a complex vari- 
able, and in the allied subject of the Theory of the potential. There 
are also certain questions of a practical nature regarding the represen- 
tation of observations by curves of a given description which lead to 
similar problems. Let us suppose for example that the points in 
figure 13 represent the plotted results of a series of observations, and 
that we have some reason to suppose that the points would lie on an 
ellipse whose foci are F and F', if the results were freed from errors 
of observation. If now we draw the least ellipse having F and F' as 
foci which includes all the points, and the greatest confocal ellipse 
which excludes them all, we can assign the utmost error that can be 
incurred by representing the observations by means of an ellipse hav- 
ing F and F' as foci ; and can thus tell whether, in view of the pos- 
sible errors of observation, such an ellipse is a sufficiently accurate re- 
presentation or not. 

It was a practical question of the above nature that first suggested 
to me the problem of the minimum circle enclosing n points. I drew 
Professor Tait's attention to it, and he gave an interesting topological 
discussion of the case of four points, in an address delivered before 
this society, and published in the Philosophical Magazine for January 
1884 (Fifth Series, vol. xvii., pp. 30-46). In consequence of the in: 
terest shown in the problem by Professor Hermite, I worked out for 
myself and sent to him the solution above given. I learned a day or 
two before communicating it to the Mathematical Society of Edin- 
burgh that the problem had originally been proposed by Professor 
Sylvester ((Quarterly Journal of Mathematics^ I., p. 79) ; and that a 
solution had been given by him in an article in the Philosophical 
Magazine more than twenty years ago (1860, Fourth Series, vol. xx., pp. 
206-212). I have since consulted this paper, and find that the solution 
there given is due to Peirce. It is only briefly indicated, but appears 
to be substantially identical with the one I have given above. An 
extension is given to points on the surface of a sphere ; but no men- 
tion is made of the three dimensional problem. The connection be- 
tween the minimum circle problem and the main part of Sylvester's 
article, which deals with the approximate representation of Jx^+y^ and 
^j?+pT«* by means of linear functions of a;, y^ z, is very interesting. 
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Note on the equation connecting the mntnal distances of 

four points in a i>lane. 

By TnoifAS Muik, LL.D. 

1. If the disUnces (12), (13), (14), (23), (24), (34) between fonr 
points 1, 2, 3, 4 on the circumference of a circle be denoted by 
a^ by e^ dy «,y respectively, then a certain relation (A) is known to 
connect a, b, e^ dy e,/. The same four points, however, being points 
in a plane, there subsists between their mutual distances another re- 
lation (B). Now, it occurs to one that from these two relations some 
deduction ought to be possible regarding the mutual distances of four 
points on a circumference, and the problem is suggested of miilnng 
the said deduction. 

2. Let us first consider the relations (A) and (B) in the forms so 
elegantly arrived at by Cayley,* viz. : — 
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and ask what conclusion can be deduced from them. Observing that the 
first determinant is the complementary minor of the element in the 
place (1, 1) of the second determinant, we recall a theorem which 
gives us a result at once. The theorem* is — An axiaymmetric deter- 



* Cambridge Mathematical Journal, 11., pp. 267-271. 
• This theorem seems to have been first enunciated by Salmon in the 1st 
edition of his Lessons Introductory to the Modern Higher Algebra, p. 124 (Dub- 
lin, 1859). Hesse gave it in Crelle's Journal, LXIX., p. 321 (1868), with the 
foot-note — " Den Satz (8) findet man von Herm Weierstrass bewiesen in dem 

* Monatsberichte der Eonigl. Akademie der Wissenschaften zu Berlin, 4 

* Marz 1858, p. 211. Denn seine von einem Factor abgeloste Function 

•5=2 «/(« \ o* *o welche er als das Quadrat einer linearen function 
/A op fi'ap a p 

* darstellt, ist, wenn man a =* a=*i .....a ,= * und a" =0 

o o 1 1 n— 1 n— 4 n 

* setzt, gerade die symmetrisohe Determinante A deren Unterdeterminante 
< B s/ ( • ) verschwindet " 
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minant whose first element Jms a vanishing complementary minor is, 
when changed in sign, expressible as an exact secar$d power. By reason 
of the existence of (A) it follows then that (B) can be put in the 
form 
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whencb we have 

V^Vr+ Jb^(^f'+ >/^??+ Va*^-=0 (I) 

as the result desired. The ambiguities of sign which occur in it, and 
which are a little troublesome to disentangle, detract somewhat from 
the value of this mode of proceeding. 

3. The old form of (A) is 

(af+be + cd) (-af+be + cd) (af-be + cd) {af+be-cd) = ; (A,) 

and this, it is manifest, viewed apart from its connection with (B), 
is much more instructive than the form (Aj). No corresponding 
non-determinant form of B^ having like advantages, has, so far as I 
am aware, been proposed. The following is therefore suggested — 

(?ey* + bVf + a'cV + a'b^cP - (a^ +/^) ( - aY^ + 6 V + c^^) 

-(6^ + 62) (ay 2 -b'e' + c'd') 
- (V + d^) (ay2 + 62g2 _ ^^) ^ 0. (B,). 

By one who remembers (Aj) this also can be easily remembered. Its 
identity with (B^) is established by expanding the determinant in (Bj) 
according to binary products of the elements of the first row and first 
column, and uniting those of the resulting determinants which have a 
common factor. 

Now, taking these forms (A,) (B,), let us see with what readiness 
an unambiguous result is deducible. * 
When (Aj) holds, 

either a/*+ be + cd = 0, 

or - a/+ be + cd= 0, (Ptolemy's theorem) 
a/" be + cd = 0, 



or 
or 



If it be that 



€tf+be + cd=0, 



S6 

then -ay + 6V + c*cP= -2ft«cd:| 
and ay-6V + c*rf»= -2a/fc(i J 
and ay^ + h^(s'-<?dl}='-2afbe) 



and manifestly we may extract the square root of both sides of (B,) 
and obtain the result 

def+ bcf+ ace + ahd = 0. 

If, secondly, - a/+ 6e + cc? = 0, 

then def-^hcf-ace-abd^O or -^ = f?±^. 

/ hd + ce 

If, thirdly, of- he + cd^ 0, 

then def-bcf+ace^abd^O or ^-=^!^±^. 

e ad + cf 

If, fourthly, af+ 6« - cd = 0, 

then def-hcf^ace + ahd^^O or f ab + ef 

-^ ^ d ae + hf 

The " proportion " form of these identities is the familiar one which 

results from geometrical demonstration. 

4. It is interesting to note that that when e and /"are both put equal 
to dy the sides of the equation (B) become divisible by cP, and the 
equation takes the form 

2a* = 2a2A-. (11.) 

What is the import of this algebraic symmetry, when there is no 
symmetry apparent in the geometry 1 The answer to this is best 
seen by looking upon Sa** = 2a^6^ as the equation to which we are led 
in trying to solve the geometrical problem — 

Given the distances a, b, cofa point from tite vertices nf an equi- 
lateral triangle : find the side d of the said triangle. 
The symmetry then shows that we should be led to the same equation 
if the problem were — 

Given an equilateral triangle whose side is a (or b, or c) and a 
point whose distances from two of the vertices of the triangle ore b, c 
(or c, a; or a, b^ ; find the distance of the point from tlie third vertex. 
Hence if we can solve the one problem we can solve the other. But the 
latter viewed as a geometrical problem requires no solution. Conse- 
quently the solution of the former is merely the construction indicated 
in the data of the latter. That is to say, the construction is — Form 
a triangle whose sides are a, b, c ; describe an equilateral trian>gle on 
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any one qfthem; and join the vertices which are not common to the 
two triangles. 

The correctness of the construction is at once established by de- 
scribing an equilateral triangle on the line found and using Enc. I., 4. 

5. As the equilateral triangle of the construction has two possible 
positions the problem has two solutions, the point from which the 
distances are measured being in the one case inside the triangle found, 
and in the other outside. Let us see what light the algebraical equa- 
tion 2a* = 2a*6* throws on this dualism. 

Arranging the equation as a quadratic is cP we have 

c^-(a« + 6« + c2)i« + (a* + 6* + c^-a'6*-aV-6V)==0, 
whence we find 

2cP = a2 + 6« + c*± J3{2a^b^ + 2aV + 26V - a* - 6* - c*). 

But 2a^b^ + 2aV + 26V - a* - 6* - c* is 1 6A*abo, if we denote by Aai^ the 
area of the triangle whose sides are a, 6, c. Hence 

2cP^a' + b' + c'±iAabcJ^, 
and therefore 

^(PJ3 = iaV3 + i6V3 + icV3 ± S^^bc 

Using now d^ and d^ to stand for the two values of d, and writing 
Aa for the area of the equilateral triangle whose side is a, i.e., for 
\a?JZ we have 

2Ad, = Aa + Aft + 4, + Z^ahcy 

and 2A^ = Aa + A6 + Ac-3Aa6c; 

and hence, by addition and subtraction, the theorems 

Adj + Ad, = Aa + A6 + Ae, (III). 

A^,-A^ = 3A«5c; (IV). 

that is to say. The sum of the two eqv/ilateral triangles, each of which 
has its vertices at three given distances frmn a fixed point is eqical to 
the svrni of the equilateral triangles described on the distances ; and 
the dijfefrence of the said pair of equilateral triangles is equal to three 
times the triangle whose sides are the given distances. 

6. When in (B) we put e = d and /= pd. (which of course is a more 
general case than that of §§ 4, 5) the equation is also symmetrical, 
but now only with respect to two of the letters involved. Con- 
sequently with proper restrictive changes we can solve a more general 
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geometrical problem than that of § 4, viz., where the triangle instead 
of being equilateral has two sides equal and enclosing a definite angle. 
We must now know which of the three given distances is the one 
drawn to the meeting point of the equal sides of the triangle ; and 
taking this distance we make it one of the equal sides of an isosceles 
triangle similar to that specified, and on the third side describe a 
triangle with its two other sides equal to the remaining two given 
distances, and as before join the vertices not common to the two 
triangles.* 

BisHOPTON, Glasgow, 
26th Dec. 1884. 



Geometrical Notes. 
By J. S. Mackay, M.A. 

I. A straight line KK' meets the circumference of a circle at two 
real or two imaginary points K, K', and H is the middle point of the 
real or imaginary chord KK'. If A, B, C, D be any four points on 
the circumference, and the pairs of straight lines AB,DC, AC,BD, 
AD,CB meet KK' at the pairs of points E,E', F,F, G,G' ; then if 
any one pair of points be equidistant from H, the two other pairs 
will also be equidistant. 

To prove that E,E' are equidistant from H, if F,F' are. 

First Demonstration. (Figures 14, 15.) 

Through A draw AA' parallel to KK' ; join A'E', A'F, and since 
E', F are on DC, DB, join A'D. 

Then AFF'A' may be proved to be a convex or crossed isosceles 
and therefore cyclic trapezium, having A'F' = AF, and angle A'F'E' 
= angle AFE. 



* Professor Chrystal pointed out that a particular case of this, viz., where 
the triangle is isosceles right-angled is dealt with in the Annals of Mathematics, 
I., p. 24, and Mr Fraser has since received from Dr Rennet, of Aberdeen, a 
reference to Thomas Simpson's Algebra, 2nd edition, (1755) p. 369, where a 
very general problem of this nature is stated and solved. 



39 

Now angle A'AO is supplementary to angle A'DC, 
and angle A'AO is equal to angle A'F'E' ; 
therefore angle A'F'E' is supplementary to angle A'DC ; 
therefore the points A', F', E', D are concyclic ; 
therefore angle FA'E' = angle F'DE', 

= angle F AE. 
Hence triangles A'E'F' and AEF are congruent, and E'F' = EF, and 
consequently HE' = HE. 

The proof that G, G' are equidistant from H, if F, F' are, is 
similar to the preceding. 

Second Demonstration. {Figure» \A:^ \b.) 

Let AC, BD, on which are F, F', meet at L. 

Consider the triangle LFF' as cut by the transversals AB, CD, 
which determine the points E, E'. 
We obtain LA • FE • F'B = FA • F'E • LB, 
and LC • FE' • F'D = FC • F'E' • LD ; 

therefore, by multiplication and noting that LA • LC = LB • LD, 
we have FE • FE' • F'B • F'D = FA • FC • F'E • F'E'. 
Now FBF'D = FKFK' = FK'FK-FAFC; 
therefore FE • FE' =FE F'E'; 

therefore FE : F'E = F'E' : FE' ; 

therefore FE : FF = F'E' : FF. 

Hence FE = F'E', and consequently HE = HE'. 

It may be proved that FE • FE' = F'E • F'E', without introducing 
the segments FK,FK', FK,F'K', which in figure 15 are imaginary, 
in the following way : — 

Because FE • FE' • F'B • F'D = F A • FC • F'E • F'E', 
therefore FE • FE' : F'E • F'E' = FA • FC : F'B • F'D, 

= + (r^ - OF^) : ± (r* - OF'*), 
where r denotes the radius of the circle, and the upper sign is to be 
taken in figure 14, the lower sign in figure 15. 
Now OF = OF', since F,F' are equidistant from H ; 
therefore FE • FE' = F'E • F'E'. 

Third Demonstration, (Figure I L) 

Join BK, BK', CK, OK'. 

Since the pairs of angles subtended at B and C by the arcs KA, 
AD, DK' are equal ; 
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therefore the pencils B-KADK' and OKADK' are superposable ; 

therefore the anharmonic ratio of B'EADK' is equal to the anhar- 

monic ratio of O'KADK', 

that is, KK' • EF : KE • FK' = KK' • FE' : KF • E'K'. 

Now since F'K' = KF, this proportion becomes 

EF' : KE = FE' : E'K' ; 
therefore EF' : FK = FE' : FK'. 

But FK = FK' ; therefore EF' = FE'. 

Hence E and E' are equidistant from F and F, and consequently 
from H. 

The theorem to which Mr James Taylor called attention last ses- 
sion (see Proceedings of the Edinburgh Mathematical Society for 
1883-4, p. 4) is easily seen to be a particular case of the foregoing. 

II. Between two sides of a triangle to inflect a straight line which 
shall have given ratios to the segments of the sides between it and 
the base. 

Let ABO be the triangle, and let ^ : ^ and r : ^ be the ratios of the 
segments of the sides to the inflected straight line. 

First Method, {Figure 16.) 

From BA cut off BD =;? ; through D draw DE parallel to BC. 
Cut off OF' = r; with centre F' and radius = g, cut DE or DE pro- 
duced at the points G' ; and join F'G'. Let CG' meet AB or AB 
produced at G, and draw GF parallel to G'F'. GF is the line 
required. 

For through G' draw G'B' parallel to GB. 

Then B'G' = BD ^p. 
Now, since the quadrilaterals CB'G'F', CBGF are similar, and either 
similarly or oppositely situated, being their centre of similitude ; 
and since B'G' : G'F : FO = j9 : g : r ; 
therefore BG : GF : FO =^ : ^ : r. 

Second Method. {Figure 17.) 

Take BD such that AO : BD = r : ^ ; and through D draw DE 
parallel to BC. With centre A and radius AG', such that AC : AG' 
= r : 5', cut DE or DE produced at the points G' ; and join AG'. 
Let CG' meet AB or AB produced at G, and draw GF parallel to 
G'A. GF is the line required. 
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For through G' draw G'B' parallel to GB. 

Then B'G' = BD ; therefore AC : B'G' ^r:p. 
Now since the quadrilaterals CB'G'A, CBGF are similar, and either 
similarly or oppositely situated, C being their centre of similitude ; 
and since B'G' : G'A : AC -^piqir; 
therefore BG : GF : FO=;?:y:r. 

Thvrd Method. {Figure 18.) 

Take AD' such that AO : AD' = r : ^. With centre D' and radius 
D'B', such that AC : D'B' = r : g', cut BC or BC produced at the 
points B' ; and join D'B', D'C. Through B draw BD parallel to 
B'D' to meet CD' or CD' produced at D ; through D draw DF 
parallel to AB to meet AC or AC produced at F ; and through F 
draw FG parallel to BD to meet AB or AB produced at G. GF is 
the line required. 

For BG = DF, and GF = BD. 
Now since the quadrilaterals CB'D'A, CBDF are similar and either 
similarly or oppositely situated, being their centre of similitude ; 
and since AD' : D'B : AC =p :q :r 
therefore FD : DB : ¥0=-piq :r 
therefore BG : GF : ¥0^p:q:r 

With these three methods, which are essentially the same, it may 
be interesting to compare Proceedings of the Edinburgh Mathematical 
Society for 1883-4, p. 27; Educational Times, vol. 37, p. 328; 
Vuibert's Jov/mal de Mathimatiqu^ea EUmentairea, 9* ann6e, p. 45. 

The following solution of the problem, in the case when /?, q, r 
are equal, is due to Mr Robert John Dallas. 

{Figure 19.) 

Suppose the thing done. 
Then since BD = ED, l ADE = 2 i. DBE. 
Similarly ^AED = 2^ECD. 
Now ^ADE+z.AED= ^ABC+ ^ACB; 

therefore l DBE + l ECD = J( ^ ABC + l ACB) ; 
therefore l OBC + l OCB - 1{ l ABC + l ACB), 

= a constant angle ; 
therefore O lies on the circumference of a known circle. 
Jf O could be found on this circumference, so that BD might be 
equal to CE, the problem would be solved ; for in proving O to lie on 
this circumference it was assumed that BD = DE. 
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Draw CF parallel to AB. Take any point G in AC, make CH = 
OG, and join GH cutting BO in K. 

On GH describe a segment of a circle containing an angle equcl to 
J( L ABC + L ACB), and let the arc of the segment cut BC at R. 
Through B drtiw BE parallel to RG, and BF parallel to RH. 

Then by similar triangles it will follow that 
EC = FC, and l EBF = l GRH = J( z. ABC + l ACB). 
Let BE meet at O the arc of the segment described on BC, and con- 
taining an angle equal to the supplement of |( ^ ABC + z. AOB). 

Then l EOO = \{ l ABC + l ACB) = l EBF ; 
therefore BDCF is a parallelogram, and BD = FO. 

Now EC has been proved equal to FC, and O is on the circumference 

of the known circle ; 

therefore BD = DE = EC. 



Fourth Meeting y February 13^/t, 1885. 



A. J. G. Barclay, Esq., M.A., President, in the Chair. 



Note on a Plane Strain. 
'By Professor Tait. 

The object of this note is to point out, by a few remarks on a 
single case, how well worth the attention of younger mathematicians 
is th&full study of certain problems, suggested by physics, but limited 
(so far as that science is concerned) by properties of matter. 

In de St Tenant's beautiful investigations of the flexure of prisms, 
there occurs a plane strain involving the displacements 

^~W ^~"2D • 
Physically, this is applicable to de St Venant's problem only when 
X and y are each small compared with D. But it is interesting to 
consider the results of extending it to all values of the coordinates. 
This I shall do, but very briefly. 
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1. The altered coordinates of any point are given, in terms of the 
original coordinates, by 



Hence 






From these we see at once that, so far as an indefinitely small area 
is concerned, the strain is a mere extension in all directions in the 
ratio 



7 



//i . yV , oc" , 



{'^ihi 



:1, 



V 

combined with a rotation through an angle whose tangent is 

_ a; . 

2. Hence elementary squares remain squares ; and any two series 
of lines, dividing the plane into little squares, will continue to do so 
after the strain. 

One simple case is furnished by sets of lines parallel to the axes. 
Thus y = b becomes the parabola 

"=-p+W~^-2D^ ^^-^ 

and x^a becomes a parabola 

=irr-'-2D-) (2-) 

These groups of parabolas, (1) and (2), must evidently be othogonal, and 
if the simultaneous small increments of a and h be eqiuil, must divide 
the plane into little squares. But, as it is clear from (2) that the 
sign of a is immaterial, the two lines 

x = aj x= -a 
are both deformed into the same parabola. Hence it appears that 
every part of the area becomes duplex. This will be examined by 
another and more suitable method later. 

Having thus obtained another set of lines which divide the plane 
into squares, we may begin again with it and obtain a third set, <fec. 



X 
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3. A line, y — mx, passing through the origin, becomes the parabola 

The orthogonal trajectories of all such parabolas are the curves into 

which the circles 

i»" + y' = c' 
are deformed. Their equation may be put in the form 



vjrfF.-|..7ig:.^, 



where v" is written instead of v' + 

^ ^ 2D 

These curves have the property that, at every point, the sum (or 

difference) of the distance from a given pointy and of a multiple of the 

squa/rt root of the distance from a given line^ is constant. 

4. But, if we express the new rectangular coordinates of a point 
in terms of its original polar coordinates, we have 

x' = rcos^ + -_cos| 2^ ~ ""r 



V = r sin^ + ^sin(2^ - -!!1 V 
^ 2D \ 2/ 



Thus the deformed circles, above spoken of, are seen to be epicycloids 
of the cardioid series. Their orthogonal trajectories are the parabolas 
just mentioned. 

5. Another curious set of questions is, as it were, the reverse of 
these : — i.e., what were the curves, in the unstrained plate, which be- 
came the system 

aj = a, y = 6, 
or the other (also orthogonal) system 

y = m£C, ic* + y' = c*1 

6. But a different transformation is still more explicit in the in- 
formation it gives. Shift the origin to (0, - D), and we have 

''"D' ^ 2D 

If we put X = psin<^, y = /ocos<^, these give 

a;' = -4 sin2<^, y' - P = J^cos2<^. 
2D ^' ^ 2 2D 
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Hence a circle, of radius p, surrounding the new origin, becomes a 
circle of radius -^ surrounding the point! 0, - - I half-way between 

the new and old origins. The 4> of any point in the circle becomes 
2<l>, 

Hence the whole surface is opened up like a fan round the new 
origin, every radius through this origin having its inclination to the 
axis of y doubled. Thus the parts of a diameter, on opposite sides of 
the centre, are brought to coincide ; and an infinitely extended line, 
through the centre, becomes limited at the centre. Thus what was a 
single sheet becomes duplex, as was said above. 

7. It suffices to have indicated, by a partial examination of some 
of the curious features of a single case, the stores of novelties which 
are thus easily reached. See especially, for additional materials of 
the same kind, the investigation in §§ 706-7 of Thomson and Tait^s 
Natural Philosophy. 

S8 George Square, Edinburgh, 
16th January 1885. 



Boole's and other proofs of Fourier's Double-Integral 

Theorem. 

By Peter Alexander, M.A. 

In my former paper on Fourier's double-integral I remarked that 
Poisson's form of the integral gave the same incorrect result as 
Fourier's form in an example by which I tested it, and seemed sub- 
ject to the same limitations. 

This, I now find, is not the case. The assertion, though quite 
true of the form 

— dq\ dae cos(qx - qo).J(a) 
/c=0 ^ J J — 00 

which I then dealt widi, and which I understood to be Poisson's 

formula, having it on the authority of Freeman {Fourier'a Theory of 
Heatf p. 351), is not true of the correct form. 

Dr Muir having a difficulty in accepting my statement, asked me 

to reconsider the matter, and kindly referred me to several papers on 
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Fourier's theorem. After perusing these I have come to the conclu- 
sion that Poisson's formula is 

da/{a) I cfg € cos(^aj - qa), 
If =0^ J — 00 J 

and that my remarks do not apply to it. I have in fact tested it by 
the example I used as a test in ray former paper, and find that it 
stands the test, provided k be not put equal to immediately after 
the integration with respect to q, but after the integration with re- 
spect to a. 

It having been suggested that I might subject to a critical exam- 
ination the proofs in the papers to which I had been referred, I now 
proceed to do so. 

The first, and in my opinion the most important of these papers, 
is one by Boole in the Trcmsactions of the Royal Irish Academy ^ vol. 
xxi., pp. 124-130, entitled "On the Analysis of Discontinuous Func- 
tions." The other papers are those by J. W. L. Glaisher and by 
G(regory %) referred to in a foot-note to my former paper. 

Boole's proof is beautiful and masterly, and every one interested 
in this subject should read it. But though the result he arrives at is 
correct, I have found a serious error at a certain point of it. To 
render intelligible what I have to say, a sketch of the proof must be 
given. It runs thus : — 

" If in the function tan~^ we suppose cc^a and k a positive 

K 

" quantity, then as k is diminished the limit of the values of the func- 

" tion will be—-. This is evident. 

2 

" If 05 = a, the limit is 0, the entire series of values being 0. 



TT 



"If x^ a, the limit is - 

2 

" Let ^J{a) =f(a 4- Aa) -/{a). Then 

Atan * =tan^ -tan^ , (I) 

K K K 

and applying what precedes to each term of the second member we 
find that the limit of their sum is tt, or — , or 0, according as x lies be- 



% 
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" tween a and a + Aa, or is equal to a or a + Aa, or lies entirely without 
'* these limits. 

*' In what follows we shall suppose that k is thus diminished, so 
" that by any expression invoWing k we shall understand the limit to 
'* which it approaches as k approaches to 0. Then 

1 (tan-''^±^^* - tan-^?Ux) =/(a,), oAf, or 0, (II) 

IT \ K K f 2 

" according as x lies between, upon, or without the limits a and a + Aa.'* 
Thus far the reasoning is unexceptionable, but what now follows 

is faulty. It runs thus : — 

'* When Aa becomes infinitesimal it may be replaced by da, and 

" the symbol A by d, whence by (I) and its consequences, 

<ftan~*— ^ =7r, or — , or 0, (III) 

^* according as x lies between, upon, or without the limits a and a-k-da, 
'^ Ejecting the operation in the first member, we have, under the 
'^ same conditions, 

- — ^^ = 7r, or — , or ; (IV) 

K« + (a-a;)' '2 ^ ' 

*' and since under the first two conditions the values of a and x are in- 
** definitely near to each other 

1 Kda.fia) jf V fix) ^ ,^^^ 

"Extend this by integration from p to q, then observing that 
** each half value, <A_i, occurs in two contiguous elements, except the 
" first of them and the last, we have 

1 fQ Kda,f(a) yy V flx) ri .^-rv 

i;^Jy?T(iHp=-^">' "^'•2' *"■ ^' <^i) 

" according as x lies within, upon, 'or without the limits/? and q" 

This when read in an ordinary way seems to be faultless, but 
careful examination shows that it is not so. 

Let us first examine (IV) without regard to how it was obtained, 
remembering that k is infinitesimally small compared with da. 
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It is plain that if x and a are not equal 

Kda _ O.da _^ 
fcH(a-a;)2"0H(a-aj)»" ' 
and that if x = a 

Kda Kda __da_^da_ 



K^ + {a-xy K« + 02 K 

Consequently (IV) is not true, and therefore the process by which it 
was obtained must be faulty. 

Let us now examine the process. 

Atan^ =tan^— i tan^ , 

K K • K 

/ a + Aa-xa-'X\ 

= tan-^ 

^ a-^Aa-x a-x 



= taii-^/ '^ V 

W + (a + Aa- x)(a - x)f 



Now z and tan^^^ are interchangeable if both are infinitesimally 
small and of the same sign, but not in any other case. But if 

icAa 



« = 



K* + (a + Aa - x)(a - x) 
this is the case only when x lies without the limits a and a + Ao. If 
X lie between the limits z is infinitesimally small and negative, in 
which case putting 

"^ for tan-'. "^ 



K* + (a + Aa - x){a -x) k' + (a + Aa - x){a - x) 

is equivalent to putting - f or tt (see the lines immediately following 
(I) above), and putting 



instead of 



K^-\-{a- xf K^ + {a + ^- x)(a - x) 

for tan-^- — -, or +0 for tt, makes it no better. 

K^ + (a + Aa - x){a - x) 

Lastly, when cc = a or a + Aa the putting of 

kAo i! X ~i ^^(^ 

for tan^^ 



k'^ + (a + Aa - x){a -x) k^ + (a + Aa - x){a - x) 
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is equivalent to putting oo for -— , and th^ putting of -- — 

instead of -~. tor tan ^^- — -, or 

k' + (a + Aa - a) (a - a) /c' + (a + Aa - a5)(a - x) 

00 for — , is no better. 
2 

Hence we conclude that we cannot substitute -~ — for 

K^ + Ca-xf 

Atan-^?^ "" ? except when x lies without the limits a and a + Aii. 

K 

Therefore the process by which (IV) was obtained from (III), 
namely, the putting of — — -j for dtsir^ is illegitimate. 

Now, though (IV) is not true, (VI) is true. To prove it let us 
return to the beginning. 

From (II) we have 
Jl^), >M or = 1a-) f taa-«^±^^::f - tan-ill?), 

2 IT I K K J 

1 /y V fa + Aa Kda 

^ J a K* + (a - «)' 

1 ra^Aa Kdaf{a) 
^H^Ja K* + {a-xf 
_ 1 fa-HAa Kda/{a) 

^ J a K* + {a- xY 

provided Aa be infinitesimally smaU and k be infinitesimally small 
compared with Aa ; because when x lies between a and a + Aa, or is 
equal to either of them,y][a) will differ infinitesimally little from /(a;) 
while a changes to a + Aa, and when x lies without the limits a and 
a + Aa the substitution of /(a) for f(x) makes no difference because 

the other factor — — = in this case. Hence 

J a K^ + {a-xy 

1 fa + Aa Kda.fid) r, \ A^) a /-ttttx 

TT j a 1^ +(p»-xy 2 ^ ' 

according as x lies within, upon, or without the limits a and a + Aa. 
From this it follows that 
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1 fx-fAa Kda.f(a) 

'n-Jx K^ + {a-xy 

1 Cx Kda.J\a) 

Tr J x— Aaic* + (a - xf 

1 rx+{m+l)Aa Kda.J{a) ^^ 




(VITI) 



where m denotes any positive integer or any negative integer except 
-1. 

(VII) and (VIII) are true on the supposition thst f(a) is continu- 
ous between the limits of integration which has been tacitly assumed. 

If X lie between the limits p and g, and if f(a) be continuous be- 
tween these limits, it follows from (VIII) that 

1 rq Kda.f{a) _ j^ / [P + ^^ . p + 2Aa Cx Cx-k-^ 

^JpK' + (a"-«)* ^Up Jp + Aa ]x—Aa \x 

+ p-^* + p i Kda^)_^ 

Jg— 2Aa J^— Aa/K' + (a-a5)'' 

= + 0+ +^ + ^ + +0 + 0, 

Similarly it may be shown that if x is equal to p or g, or lies 
without the limits p and g, the result will be •^i-j or 0. Hence 

lp-,^^,=y^«'),-^|-UrO. (IX) 

TT J pfc* + (a - fic)* 2 

according as a; lies within, upon, or without the limits p and q. 

This is the same as (VI), which is thus proved to be true univer- 
sally, provided y(a) is continuous between the limits p and q. 

It could easily be shown that if f(a) is discontinuous at a point x 
between p and q 

1 Cq Kda./{ a) ^/(a;-0) /(a: + ) . . 

7r]pK^ + {a-xy 2 2"' ^^ 

(IX) might also be written in this form, so that (X) is true univer- 
sally whether a; be a point of continuity or discontinuity, if x lie be- 
tween p and q. 

Now (Todhunter's Integral Calculus^ § 291) 

= €— *c6cos6(a - x)dh. 

t^^{a-xf Jo 
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Therefore (IX) becomes 

i- \^daj{a) r c-if6cos6(a - x)dh =/(«), ^ , or 0, (XI) 

Trjp Jo 2 

according as x lies within, upon, or without the limits p and q. 

There might be a little doubt as to the truth of (XI) for the 
reason that in arriving at it we have made Aa infinitesimally small, 
that is, loe have put Aa = before putting «c = 0, which is controflry to 

wur initial supposition^ namely, that and . are both 

K K 

in&iitely great when x lies between a and a + Aa, and consequently 
that K is infinitesimally small compared with Aa. Glaisher in his 
paper signifies this by saying that k is an infinitesimal of a higher 
grade than Aa, and appe.ars to think that this must be emphasised so 
as to remove any doubt as to Boole's result. Now, in whatever way 
the condition is expressed, it simply amounts to this, that k should be 
put equal to before Aa is pui equal to 0. But in (XI) Aa has already 
been put equal to 0, and k has not yet been put equal to 0, therefore 
the initial condition has been violated. If, therefore, we cannot justify 
this violation, we can place no dependence on (XI). 
This justification might be attempted as follows : — 
Going back to (VII), which is the foundation for the whole, it 
must be observed that it is only an approximation. 

Now, if we put Xi and ccj for the values of a which make f{a) re- 
spectively the greatest and least as a increases to a + Aa, then instead 
of (VII) we might write 



^Ja K^ + {a-xy 
if X lie between a and a + Aa ; 

1 ra + Aa Kd^,f(a) ^f^ ^^ f^^) 
v]a K2 + (a-«)2 2 2 

if X equals either a or a + Aa ; 

J_ ra+A o Kdaf(a) _^ 

if X lies without the limits a and a + Ao. 
Hence instead of (VIII) we might write 



(VII*) 



/ 
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irjx K* + {a-xy 2 2 

TT J a;-AaK' + (a - a;)^ 2 2 

1 ra;+(m-H)Ag Kda./{a) __^ 
IT J aj+wiAa K^ + (a - a;)* 



(VIII*) 



and going through the process by which we passed from (VIII) to 
(IX), we obtain instead of (IX) 



vJpK' + (a-xY 2 2 



\ 



or 



and>-^ 
2 



or 



2 



(IX*) 



pK- -h (a - x) 
if a; lies between p and ^ ; 

1 fg K(ia.^a) /(^ _ yL^') 

IT J pK* + (a - »)« 2 

according as cc =/? or g ; 

1 fg KdaJ\a) _^ 
^ J pK* + (a - cc)' 

if X lies without the limits p and ^. 

In all this it must be observed that Aa is not equal to 0, and must 
not be confounded with da^ for da did not enter (IX*) as Aa in- 
definitely diminished, but entered it in the passage from (II) to 
(VII*), in the latter of which are found both da and Aa as indepen- 
dent quantities. The danger of confounding these might have been 
avoided by writing (VII) thus 



IT }a i^ + iv-xy 2 



according as, &c. 

Now, in (IX*) we may suppose Aa to be as small as we please, 
provided we do not make it absolutely 0. But the smaller Aa is made 
the more nearly wiliy^jCj) andy^jCg) ^6 equal to each other and \^f{x) 
if 05 = a or a + Aa or lie between them. The same is true oif(piy^) and 
f{pc^ '). Therefore (IX*) can be made as nearly (IX) as we please by 
diminishing Aa sufficiently, and therefore I think we may conclude 
that (IX) is true, and therefore that (XI) is true. 

Assuming then that (XI) is true, and putting p — co and = - oo 
we shall have 
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TT J— 00 Jo 

for all real and finite values of a;, with the same caution as before as 
in the case of points where y^a;) is discontinuous. 

I shall now show that the order of operation in (XI) is reversible. 
To do this let us return to 

^..g + Aa-a; _ ^^-lO-x = „^ Z_, or 0, (XIII) 

K K 2 

according as x lies within, upon, or without the limits a and a + Aa. 
Now (Todhunter's Integral CcUculits, § 285) 

Therefore 



^. 



tan-^l±^?Lz5-tan-^?L::5= pe-icft ^^^^^^ + ^^-^U 

'^,,,6 sinft(a-a;) ^^ , 
. b 

'* T sinft(a + Aa-x)- sin&(a - a?) j l 

b 

•00 



-j; 



-x f® 

K Jo 

= db€—Kb cosb{v - x)afi. 



Therefore (XIII) becomes 



fo'^i: 



c^tH50s5(v - a;) = TT, — , or 0, (XIV) 



according as x lies within, upon, or without the limits a and a + Aa. 
If we suppose Aa to be exceedingly small y^v) will vary exceed- 
ingly little while v increases from a to a + Aa, provided j(v) is con- 
tinuous between these limits. Therefore 

— I db,€—Kh I dvJlv)cosb(v - x) 

'T Jo Ja 

will differ exceedingly little from 

:lLJ\ dbe^Kb I dvcosb(v-x), 

that is from /(a), S^, or 0, 

according as x lies within, upon, or without the limits a and a + Aa. 
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-L f "^ dh€-Kh f "* "*■ ^''dv/(v)cosb{v - x) =f{x\ -^^ or 0, (XV) 
TT Jo J a 2 

according as x lies between, upon, or without the limits a and a + Aa, 
We can now, in the same way as we passed from (VII) to (IX), 
pass from (XV) to 

— ["^dbe-Kb ['^dv/{v)co^(v - a;) ^/[x\ •^), or 0, (XVI) 

according as x lies within, upon, or without the limits p and q ; and 
this is the same as (XI) with the order of integration reversed. 

The same doubt might be felt regarding the truth of (XVI) as re- 
garding the truth of (XI), and may be removed in the same way. 

If now p and q be put respectively equal to - oo and + oo we 
will have 

-L f * db.€-Kb f "^ dvJ{v)co8h(v - x) ^f{x\ &, or 0, (XVIT) 
^ Jo J— 00 2 

where it must be observed that p and q are not to be put equal to oo 
until after both integrations, in those cases at least where 

poo 

I dv/[v)cosb(v - x) becomes infinite or indeterminate without the 

J— 00 

arbitrary introduction of such a multiplier as c— Xv under the integral 
(where X is put = after the integration). This I showed in my 
former paper to be true in the case where 

J\x) = ti for positive values of x 
and =^a » negative „ „ 

in which case the integration with respect to v between the limits 
- 00 and + 00 is indeterminate, and when rendered determinate by 

exponential multipliers the result comes out ± ?LZ_« according as a; is 

positive or negative (see end of my former paper). But if we put 
p= -I and q= +1 we get 

I r* db€-Kh f ^ dv/{v)cosb(v -x) = IL .taxr^— + t^.tan-^l±^ 
ttJ J — I 'tL k k 

+ (h - ^2)tan-i ^] 
which, on making I infinite, becomes 



^ 
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^[^i.-J + «^-2" + ^^^"^^^^"''^] 



or bli^ + hzhtajT^l; 

2 TT K 

and this gives ^ ■ + -L_?._^ = ^j, when x is positive, 

2 TT 2 

and ^ - + -LiUl - ^ I = ^^ when x is negative ; 

2 TT \ 2 / 

which is as it should be. 

Solving the same problem by (XI) we get 

1 pi r* 

— da/(a) €—icbcosb(a - x)db 
^ J — I Jo 

which when I is put = oo becomes 

7{Mt-'"--:)*'-Kv*i)}' 



or 

2 TT K 



which is also correct. 



I had written a draft copy of this before I had the pleasure of seeing 
Mr Glaisher's paper. Dr Muir, who kindly lent it to me, had pre- 
viously called my attention to the fact that my proposed demonstra- 
tion was substantially the same as Glaisher's. I have, however, re- 
tained it in the present communication, as the procedure 1 adopt 
shows that it has the same foundation as Boole's proof — a point not 
brought out in Glaisher's paper. 

Glaisher starting with 



I 



"'?^J^db=^±Z, <XVIII) 

b 2 ^ 

according as r is positive or negative, and therefore 



I 



CO 





according as x lies within, upon, or without the limits a and a + Aa, 
shows that this is equivalent^o 
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Aa cosb{a - x)(lb = tt, - , or 0, (X-^) 

according as x is within, &c. Therefore 



roo 



/(a) . Aa cos6(a - x)db = 7r/(a), ^y^Ja), or 0, (XXI) 

Jo 2 



according as a; is within, &c. Hence we have 

poo pOO 

J\p)Aa I cos6(p - a:)c?5 +y(jE> + Aa). Aa co^Op + Aa - a;)cf6 

Jo Jo 

pOO 

+ +y^jt? + nAa)Aa cos6(p + nAa-a5)c?6 

Jo 



= V(«^), "yi;«^),orO, (XXII) 

according as x lies within, upon, or without the limits p and p + nAa ; 
or putting q for p + riAa and diminishing Aa indefinitely this becomes 

\^daj{a) C cos6(a - x)dh = irj{x\ '^f{x\ or 0, (XXIII) 
Jl, Jo 2 

according as x lies within, upon, or without the limits p and g. 

roo 
He now remarks that cos&(a - x)dh is indeterminate and pro- 

Jo 

poo 

poses to substitute for it the determinate form €— «6cos5(a - x)dh 

to obtain which he proposes to start with €—Kh — dh = ±^ 

^ Jo 6 2 

instead of with t dh = ± -. But then it must be noted that 

Jo 6 2 



I 



€—Kh — — dh = tan~"^-. 
k 



So that Glaisher's second departure is the same as Boole's. 

If Glaisher's result (XXIII) be written in its equivalent form 

("^ dh \^daj{a)Qo^h{a - a:) = irfix), Z/{x), or 0, (XXIV) 
Jo Ji> 2 

it is no longer indeterminate ; and if in this for p and q we substitute 
- 1 and + 1 and increase I indefinitely, we obtain 

Lrdhf^ daf{a)cosh{a^x)^7rJ{x) (XXV) 

Z=ooj0 J —I 
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which gives correct results in every example I have tested it by 
provided I be not put = oo till after both integrations. It has, more- 
over, the advantage of being more easily handled than any of the 
other forms. 

This same form has been proved by G(regory ? ) by a symbolical 
method, but owing to his using vague considerations of grades of infinity 

he has obtained db daf(a)oosb(a -x) = -/{x) instead of vf^x). 

Besides he makes no restriction as to when the superior limit of a is 
to be put = 00 , without which the theorem is unsatisfactory in its 
application to examples. I have succeeded in modifying G(regory ?)'s 
proof so as to avoid doubtful considerations of grades of infinity and 
zero, and have obtained the proper value ^/(a;), and the nature of the 
investigation points out that I should not be put = oo till after both 
integrations. As however my paper is already too long I shall not 
give this investigation. 

Equation (XXV) also follows from (XVI) by putting ic = before 
the integrations ; and this is lawful, because (XVI) is derived from 
(XIV), which is true if k be put equal to before integrating. For 



^ j"° ^^ 8m6(a + Ag - a;) _ |"° „ sin6(a - a;) 
Jo b Jo 6 ' 



IT TT 

-« - ^ o^^ 
2 2 



~2"^\ 2/ 



= 7r, -, orO, 



according as x lies within, upon, or without the limits a and a + Aa. 
We can thus avoid the doubtful proceeding of putting Aa = be- 
fore putting K = 0, which is a violation of the initial conditions. 

After objecting to the arbitrary introduction of such a factor as 

/•oo 

€— \» to make such an integral as cos6(v - x)dv determinate I ought 

to justify my own seeming use of this method in my former paper. 

Taking equation (A) of said paper, which I observe is wrongly 
stated there, 
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<^(a;) = ^ I <l>(y)dv + -^i I G0sw{x - v).<l>{v)dvAw\j (A) 

should the integral in the second term of the right hand member be- 
come indeterminate when I is put = oo , I suppose €T>^(x) to be put 
for <f>{x) according as a? is positive or negative, when (A) becomes 

€=FXa;<^(aj) = \ €=FXt;<^(t;)c?t> + -2| [ costo(a; - v).6=FXv<^(v)c?t;Awj|, 

(A*) 
which will now remain determinate when I becomes infinite, and, 
after the integrations are performed, we can obtain <f>(x) by putting 
X = in the result. 

In justice to De Morgan I ought to notice that he has given 
Poisson's formula in the same order as (XII) in which there is no 
danger of putting l^sco too soon. But he does not say at what stage 
K is to be put equal to 0. His words, if they indicate anything as to 
this point, seem to me to say that this is to be done before any of the 
integrations are effected. Besides this, he does not seem to see that 
his form labours under the same fault, if fault it be, with which he 
charges the verifications he discusses, namely, the order of integra- 
tion is inverted. 



Theorems on three mutually tangent oircles. 
By Thomas Muir, M.A., LL.D. 
This paper will appear later. 



Mr William Peddik gave some notes on Reflected Rainbows, in 
which the bow and its reflection due to the image of the sun were 
discussed in relation to the ordinary bow and its reflection. 



i 
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Badical Axes in Spherioal Geometry* 
£7 R K Allardicb, M.A. 

It is evident that by an extension of the method of deriving from 
any triangle its polar triangle, it is possible to derive from any figure 
whatever another figure, the properties of which may be deduced at 
once from those of the first. This may be done either by imagining 
a point to move along the original figure and considering the envelope 
of the great circle of which the moving point is the pole ; or by 
imagining a great circle to envelope the figure and considering the 
locus of its pole. In both cases two figures will be obtained ; but 
these will be antipodal, and will therefore have like properties. Since 
the point of intersection of two great circular arcs is the pole of the 
great circular arc which joins the poles of these two arcs, the two 
methods of derivation mentioned above will lead to the same derived 
figure. These methods of transformation of figures are evidently 
closely analogous to that of reciprocal polars. 

The ordinary polar triangle may be obtained as the locus of the 
pole of a great circular arc which is made to revolve round the original 
triangle ; and the fact that this arc revolves through the exterior angle 
of the one triangle, while its pole moves along a side of the other, 
shows that the angles of the one triangle are the supplements of the 
sides of the other ; and that a great circular arc, cutting an interior 
angle of the one, corresponds to an external point in a side of the 
other. 

A point may, of course, be considered as enveloped by all the arcs 
that pass through it, just as an arc is traced out by all the points 
that lie in it. 

It will be well to notice the following points connected with the 
transformation of circles and related points and lines, as bearing on 
the subject of this note : — 

A circle transforms into a circle ; its centre into the great circle 
parallel to (or concentric with) the derived circle. 

A tangent transforms into a point on the circumference ; the point 
of contact into the tangent at the point into which the tangent trans- 
forms. A secant transforms into a point on the sphere ; the points 
of section into the tangents from that point. 

If two circles be now considered, it will be seen that the central 
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axis transforms into either of the (antipodal) points of intersection 
of the two great circles ii^^ which the two centres transform. Again, 
since a point of intersection is a point common to two circles, and to 
this corresponds a tangent common to two circles ; it would seem that 
points of intersection and common tangents transform into one an- 
other. But two circles can only intersect in two points, while in a 
plane at least two circles may have four common tangents ; and a 
little examination will show that this may also be the case on the 
surface of the sphere. Now, on examination of the figure it will be 
seen that if a great circular arc be made to revolve in the same direc- 
tion round each of the circles, either of its poles will be in the same 
direction for the two circles when it is a direct common tangent ; and 
in a different direction when it is an inverse common tangent. 
Hence to the two direct common tangents correspond the points of 
intersection ; and to the inverse common tangents, antipodal points 
on the two circles. From this it follows that there can be only two 
pairs of such points, except when the circles are antipodal, in which 
case there are an infinite number, and likewise an infinite number of 
common tangents. (It is evident that a pair of antipodal circles 
transforms into a pair of antipodal circles). 

The point of intersection of the direct common tangents (the ex- 
ternal centre of similitude) transforms into the arc joining the points 
of intersection, that is, the radical axis ; and since the great circular 
arc which passes through the two pairs of antipodal points corresponds 
to the internal centre of similitude, it may conveniently be called the 
second radical axis of the two circles. 

If the potency of a point with respect to a circle be defined as 
tanJatanJ6, where a and h are the segments of a secant through the 
point, the potencies of any point on the first radical axis with respect 
to two circles will be the same^ while those of any point on the second 
radical axis will be the reciprocals of one another. From this it fol- 
lows at once that the six radical axis of three circles pass in sets of 
three through four points. 

Corresponding to the potency of a point with regard to a circle, 
there is the following property of a line and a circle, suggesting a 
" potency of a line " with regard to a circle. If tangents be drawn 
from any point P in a fixed line PQ to a given circle, touching it at 
A and B, then tan|APQcot|BPQ will be constant. This property 
follows from the fact that,^t is the polar theorem to that which gives 



k 
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the corresponding property of a point and a circle ; and the quantity 
tanJAPQcot JBPQ may be called the potency of the line PQ with re- 
ference to the circle. The above theorem is also true vn piano, and 
affords a simple proof that the six centres of similitude of three circles 
lie in sets of three on four straight lines. To the fact of the collin- 
earity of the centres of two circles and their two centres of similitude 
corresponds the proposition that the two parallel great circles and the 
two radical axes are concurrent. 

The following examples of properties of circles which correspond 
according to the above method of transformation may also be noted. 

To the fact that the radius of a circle is of constant length, cor- 
responds the fact that the angle which the tangent to a circle makes 
with the parallel great circle is constant ; and the proposition that 
the tangents make equal angles with the chord of contact transforms 
into the proposition that the two tangents from the same point are 
equaL 

Again, the centres of similitude of two circles divide the line 
joining the centres of the circles so that the ratio of the sines of the 
segments is equal to the ratio of the sines of the radii. This theorem 
gives on transformation the theorem that the radical axes divide the 
angle between the parallel circles so that the ratio of the sines of the 
parts is equal to the ratio of the sines of the angles which the tangents 
to the circles make with the parallel great circles. This theorem 
evidently cannot have any analogue in plane geometry, as must in 
general be the case with the polars of such theorems as refer to the 
centre of a circle, since the line in a plane corresponding to a parallel 
great circle is altogether at an infinite distance. 



Fifth Meeting, March ISth 1885. 



George Thom, Esq., M.A., Vice-President, in the Chair. 



Gilbert's Method of Treating Tangents to Confocal Conicoids. 

By George A. Gibson, M.A. 

The method of treating tangents to confocal conicoids, of which 
I propose to give an account, is discussed in the number for December 
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1867 of the Nouvelles Annates de Mathematiquea. The writer of the 
paper referred to is M. Ph. Gilbert, Professor at the University of 
Louvain. The results arrived at are in nearly every case already 
well known, but the method of reaching them is somewhat novel, and 
I have thought that it might interest the members of this society if 
I were to give a statement of the chief methods and results of Gilbert's 
paper. In one or two cases I have altered the proofs, and I have 
added two or three propositions that seemed to follow naturally from 
the equations dealt with. Gilbert deals only with central conicoids ; 
but I have put in an equation for the paraboloids that corresponds 
to Gilbert's fundamental one. 

Gilbert's method of dealing with tangents to confocal conicoids is 
based upon a certain expression for the angle between the normals 
at two points, one on each of two conf ocals. Let the conf ocals be given 
by the equation 

2X being the primary axis of any one of the series. Any individual 
confocal may be referred to by its primary semi-axis. 
Let M be a point on X, its co-ordinates being {xyz), 

Py^ the perpendicular from centre on tangent plane to X at M, 

Pe ' >» " " • ^ ** ^> 

S the distance between M and N. 

Let (8X), ipO) be the angles between MN and the normals to X 
and ^ at M and N respectively, and (6X) the angle between the nor- 
mals themselves, the normals being in all cases drawn outtoards. 

The direction cosines of normal at M will be i —}-. — ^, — ^ I : 



)) » 



Iff'' e'-b* ^-c»/ 



8.coB(gA.) ^ 5|_ , yy , zC _ , 
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SimUarly, ^<M^^ ^j£ + _yv_ + ^L -I. 

8.co8(8A) _ &co8(8^) _/at_ ;^i,/ x^ . yn 

^ Pg ^ 'U'^ (X«-6«)(^_6.) 

+ 4 ] 

(X'-c'X^-c')/ 

.-. co8(e-^)=^j^,{pflCos(8A)-pxCos(8^)} (A) 

This is Gilbert's fundamental equation, and from it he deduces 
very readily many theorems on confocal conicoids. 

1. Suppose M and N to coincide, t.^., let 8 be zero, then cos (OX.) 
will be zero. Hence : — " Two confocal conicoids through the same 
point cut each other orthogonally," 

2. If cos(6X) and cos(6^) be each zero, i.e., if the line MN touch 
both the conicoids, then cos(^X) will still be zero. Hence : — " If two 
confocals touch the same straight line, and if we draw the tangent 
planes at the points of contact, these planes will cut at right angles." 
Or, as the theorem may be stated : — " If two confocals be viewed from 
any point, their apparent contours cut at right angles wherever they 
appear to intersect." 

3. Suppose MN to touch ^ at N; then cos(8^) vanishes, and 

co8(eA) = ^, . co8(8A) (B) 

This equation is really that which Gilbert first proves ; but it is 
evidently included in equation (A). 

4. If (A-ftv) be the primary semi-axes of the three confocals 
through M, and if MN touch 6 at N, then by equation (B) we know 

that cos(^X) = . cos(SA.) ; cos(dfi) = ^ ^ . cos(8fi) and cos(^v) 
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Now, since the normals to the three confocals through M are 
mutually perpendicular, these may be taken as rectangular axes. 
With reference to these axes the direction cosines of MN are cos(SX), 
cos(8/i), cos(8v), and of the normal at N cos(^A,), cos(^)ut), cos(^v) ; 
.'. cos(5^) = cos(8A) . cos(^A,) + cos(8/i) . cos(^)ut) + cos(Sv) . cos(^i') 

= 0, since MN touches 6, 
Putting in the values just given for cos(^A), cos(^/a), cos(^v), we 
get 

cos'(8X) cos*(S/a) cos*(8v) _ r. 

As every tangent line from M to conicoid 6 fulfils this condition, the 
equation of the enveloping cone must be 

The form of the equation shows that the normals to the three con- 
focals are the principal axes of the cone. 

5. If ^1, ^2 be the primary semiaxes of the two conicoids which 
touch a line through a point M, the direction cosines of which, re- 
ferred to the three normals at M, are I, m, n, then the following will, 
by § 4, be an identical equation : — 

= {0' - e^^){^ - ^2«) 
.*. P = ^ "" ^ ^^ — "^ *% with similar values for m and n. 

Now, as a particular case, let ft = v = ft (and . •. $2 = 5), t.*., take M on 

X? — 0^ 
the focal hyperbola. We thus get F* = — — -L.. Hence the theorem— : 

" The enveloping cone of an ellipsoid is one of revolution, when its 
vertex lies on the focal hyperbola, the axis of the cone being the tan- 
gent of the hyperbola at the point." The vertical angle of the cone is 
(0*- b'\ 



2Uu-^f'-' 



/. T> X- /-o\ cosHOk) cosVSA.) 

6. By equation (B) -S^^^^^^L 

and cosX6>A) + cos^iSfj) + co&%Ov) = 1 

1 _ cos\8 X) cos%8fi) cos%8v) 

" p?^ (}^^-&y {i^'-&'Y (v'-o'y 



65 

Suppose /i =5 V =s 6, and we get, after substituting the values for the 
direction cosines given in the last article, 

In words — " The rectangle contained by the side of a cone of revolu- 
tion enveloping an ellipsoid, intercepted between the vertex and point 
of contact, and the perpendicular from the centre on the tangent 
plane at that point is constant." 

7. We may write the value for cos'(8A) in the form 

6^ — \^ 

. cos(SA,) . cos(^X), and we therefore find that 

(^ - X?) cos(8X) . cos(^A.) + (fee. ^p^B 
that is, X'cos(SA.) . cos(^A.) + )ut'cos(5/i) . cob(0 fi) + v*cos(8v) . cos(^v) 

In words — "If from a point M we draw a tangent to a conicoid meeting 
it in N, and if we take on the normals to the three confocals through 
M lengths equal to the respective primary semiaxes of these confocals, 
the sum of the products of the projections of these lengths on the 
tangent by their projections on the normal to the given conicoid at 
N is equal to the product of the distance between M and the point of 
contact N by the perpendicular from the centre on the tangent plane 
at N." 

8. Still using equation (B) we see that 

(^ - X?)cos\eX) =pg8 . cos(8A.) . cos(^A.). 

. • . (^ - k')oo8\ek) + (^ - ii')co&\eii) + (^ - v^jcos^^v) 

s= Sp^{cos(SX) . cos(^A.) + cos(8)ut) . cos(%) + cos(Sv)cos(^v)} 

= 0. 
. • . X?co&\eX) + /a'cos»(^/a) + v=cos»(^v) = ^. 

This equation proves a theorem of Chasles, viz : — If on a fixed plane 
P we take any point M and measure on the normals to the three 
confocals through M lengths equal to their respective primary semi- 
axes, the sum of the squares of the projections of these lengths on the 
normal to the plane P will be constant for all positions of M on the 
plane. This equation also gives the primary axis of the conicoid 
which touches a given plane, as the equation of § 4 gives the axes of 
the conicoids which touch a given lina 
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9. Suppose a normal drawn from M (A,/4,v) to a conicoid A.' meet- 
ing it in N. Denote by ft', v' the primary semi-axes of the other two 
confocals through N. Then since the normal to X' is a tangent to 
l*! and v' the following equation will connect the direction cosines of 
the normal : — 

cos*(A.'A.) cos'(V/x) cos^(XV) ^ ^ 

10. Returning to equation (A), we may suppose M and N to lie 

on the same conicoid, ic, take 0=\ and .*. — 7-— = — j^rT^r where 

cos(8X) cos(8^) 

P\ > -Pd denote the perpendiculars from the centre on the tangent 

planes at M, N respectively. If a plane be drawn through the centre 

parallel to the tangent plane at M meeting MN in M', then MM' will 

be equal to — A — . Hence the theorem : — " If we take any chord 
^ co8(aA.) 

MN of a conicoid, and through the centre draw planes parallel to the 
tangent planes at M, N meeting the chord in M', N' respectively, 
MM' will be equal to NN'." Also, it may readily be deduced from 
this theorem that " The plane through the centre and the line of in- 
tersection of the tangent planes at M, N will bisect M'N'.' 



r/ » 



P\ Pb 

11. If in equation (A) cos(^X) = 0, the equation 



cos(5X) cos(8d) 
still holds. 

In this case the interpretation of the equation is : — " If on two 
confocal conicoids two points M, N be taken such that the normals 
at these points are perpendicular to each other, and if through the 
common centre planes be drawn parallel to the tangent planes at M, 
N cutting MN in M',N' respectively, then MM' will be equal to NN'." 
From this it readily follows that, " The plane through the centre and 
the line of intersection of the tangent planes at M, N will bisect 
MN." 

12. By § 5, we know that cos^^A) = ^^' "" ^^'}^^!^'' ^^^ where \fjiv 

are the primary semi-axes of the three confocals through a point M, 
and $1 $2 those of the two confocals touched by a line through M. If 
then a plane be drawn through the centre parallel to the tangent 



67 

plane at M, the square of the part intercepted on the line between 
M and this plane throuG:h the centre will be «\ ' ^;^ r :.^ — ^ that is, 

— ^ — ^ — i-^ — ^^^j a value constant for all points on X. Thus , " If 

from any point of a central conicoid a line be drawn touching two 
given confocals, the portion of this line intercepted between the point 
and the plane through the centre parallel to the tangent plane at the 
point will be constant." As a particular case, suppose the line to 
pass through the two focal conips and it is clear that '* The part 
intercepted on a bifocal chord through a point M on a conicoid and 
the plane through the centre parallel to the tangent plane at M is 
equal to the primary semi-axis of the conicoid." 

13. Equation (A) may be written in the form 

^^ cos(^A) ^^ cos(^X) ^ ^ 
Now if the normal at N meet the tangent plane at M in P, it is 

easily proved that NP = ^ / A Denote this intercept by w^, which 

cos(^a) 

will be positive or negative according as the normal is drawn inwcurds 

or ov^tvxurda to meet the tangent plane. If coj^ denote f—-l with 

cos(^a) 

the same convention as to sign, (C) may be written ^ - X* = p^w^ - P\^, 

Hence : — " If at any two points M, N on two oonfocal conicoids the 
normals be drawn, the products of the intercepts on these normals 
between the points of contact and the tangent planes by the perpen- 
diculars from the centre on these tangent planes differ by a constant 
quantity ; the constant being the difference of the squares of the 
primary semi-axes of the confocals." 

As a particular case, suppose the tangent planes at M and N 
parallel ; therefore o)^ = -m^ =^Pq -p^ and .•. p0^ ^p^ = $^- X*. 

Thus : — " If two parallel tangent planes be drawn to two confocals, 
the difference of the squares of the perpendiculars from the centre on 
these planes will be constant." 

14. If A = ^, that is, if M and N be on the same conicoid, p^uiQ = j^x^. 
Therefore : — " If normals be drawn at two points M, N on a conicoid 
the products of the intercepts on these normals between the surface 
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and the tangent planes at N, M by the perpendiculars from the centre 
on the tangent planes at M, N are equal to each other." 

15. Again, should the line MN touch the conicoid ^, co^ would be 

zero, and the equation would become /?^w^ = ^ - X'. Hence :-— " Tf 

from any point M on a conicoid a tangent be drawn meeting a con- 
focal in N, the product of the perpendicular from the centre on the 
tangent plane at N by the intercept on the normal at N between the 
tangent planes at M and N is constant ; the constant being the differ- 
ence of the squares of the primary semi-axis of the confocals." 

It is easy to get an equation analogous to (A) for confocal para- 
boloids. Let the series of paraboloids be given by 

6-l-A. c + k 
As before. 

Let M be a point on A, its co-ordinates being (xi/z)^ 

P\ perpendicular from ( - a;, 0,0) on tangent plane to X at M, 
Pe „ ( - ^,0,0) „ 6 at N, 

8 the distance between M, N. 
Proceeding to find the values for cos(8A.), cos(8^), cos(^X) we get 

p^ \ ^ b + k c + xr 
^.8cos(a^) ,r^ , yy _ Cz\ 

pq \ ^ b+e c+er 

coB(ek) = ^^|i + VE + (^ \ 

^ ^ ks \ {b+e){b+ky{c+e){c+k)r 

cos{ek) = ^-^jj^cosSA. - ^obsoX. 

Suppose 8 = 0; .•. cos(^X) = 0. Hence confocal paraboloids intersect 
orthogonally. 

Suppose kfAv to be the parameters of the three confocals through 
a given point M, that of another confocal, and we get as before for 
the equation of the cone referred to the three normals : — 

x-e ix-e v-d 

The following cases in confocal conies may be noted. 




COS 
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The equation to the two tangents from a point M (whose co-ordin- 
ates are A/a) to a conic 6 is, since the equation 

<^^) = ^, -^|;?\Cos(S^) - ;?^cos(5A.)| holds, 
cos^SA . cos*Su A \ ^ 

Let <t> denote the angle between one of these tangents and the tangent 
to the confocal ellipse through M, 

. •. sin'<^ = cos*(SA), cos'<^ = cos'(S/a) ; 
sin'<^ _ cos'<^ _ 1 

Hence : — ^The two tangents to an ellipse from any point are equally 
inclined to the tangent to a confocal ellipse through the point. 

We also have the value of 6^ given by A'cos'</» + fihin^<f> = 0^ which 
is the corresponding theorem to that of No. 8. 

" Corresponding to No. 10 is the theorem : — If MN be any chord 
of a conic, and if lines drawn through the centre parallel to the tan- 
gents at M and N meet the chord at M' and N' respectively, MM' 
will be equal to NN' ; and the line through the centre and the point 
of intersection of the tangents will bisect M'N'. 

No. 11 gives the theorem : — If on two confocal conies two points 
My N be taken such that the normals at these points are perpendicular 
to each other, and if through the common centre lines be drawn 
parallel to the tangents at M, N cutting MN in M', N' respectively, 
then MM' will be equal to NN' ; and the line joining the centre to 
the point of intersection of the tangents will bisect M'N'. 

The theorem corresponding to that of No. 12 may be stated : — If 
from a point M on a central conic a tangent be drawn to a confocal 
conic, the intercept on the tangent between M and a central radius 
parallel to the tangent at M is constant. This holds when the con- 
focal becomes the line-ellipse. 

From No. 13 we get the theorem : — If at any two points MN on 
two confocal conies the normals be drawn, the products of the inter- 
cepts on these normals between the points of contact and the tangents 
by the perpendiculars from the centre on these tangents differ by a 
constant quantity — the constant being the difference of the squares 
of the primary semi-axes. 

If the tangents at M and N be parallel, the squares of the per- 
pendiculars from the centre on these tangents differ by a constant. 
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From No. 16 we get the theorem : — If from any point M on a 
conic, a tangent be drawn meeting a confocal in N, the product of 
the perpendicular from the centre on the tangent at N by the inter- 
cept on the normal at N between the tangents at M and N is constant. 



Mr J. S. Mackat gave a synopsis of Frans Schooten's " Geometry 
of the Rule," as it is contained in the second book of the ExercUor 
tionea MathemcUicae, Ley den, 1657. 



Mr P. Alexander contributed a note on the two definite integrals 

poo ^aOD 

sinna^ and cosna;c^ 
Jo Jo 

Sixih Meetingy April \Qthy 1885. 
A. J. G. Babolay, Esq., M.A., President, in the CSiair. 



Note on the evalnation of fonctiozLS of the Form Qfi. 
By T. B. Spragub, M.A., F.R.S.E. 

Lety)[<), <^(<), be two functions of <, such that they both vanish 
with <, that is, ji;0) = 0, <^(0) = ; and put 

Then, in order to find the limiting value of z when < = 0, we proceed 
as follows : — 



Logz^<l>{t).log/{t)J^^ 



m 



This fraction takes the form when ^ = 0, and we therefore have 
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Ltlog« = LtM^=LUIl. 

«^'(0" At) ' 

In the limit, ^U takes the form — : and the value of it is the 
/(O 

same as that of ~-^. If this value is finite, say = a, then 

Hence, in the limit, logs = 0, and « = 1. 

If, however, ?U is either infinitely small or infinitely large, the 

°° 

above expression takes the forms -— . and — x 0, respectively; and we 

00 

are unable without further investigation to draw any conclusion as to 
the limiting value of z. 

As a particular case, suppose that </>(<) = ^, /(0==^» ^ ^^^^ 

^ = <, and ^> = 0; then 

<l>'{t) f{t) 2t t 2 

so that in this case also, laU = 1. 

Next suppose </>(<) = <,/(<) = «"; so that ^=J., and^j = oo ; 

then Ltlog«=Lt-— . --=Lt2< = 0; and again Lt« = 1. 

1 V 

In every case we have as yet considered, the limit of « is 1 ; and 

we can prove that it has the same value whenever f{t) and </>(^) are 

ordinary algebraic functions ; that is to say, when neither of them is 

a transcendental function. In this case, since /(O) = and </>(0) = 0, 

f{t) and 4>{t) must both be capable of expansion in series containing 

only positive powers of <, so that 

f(t) = can^ + htn+ 

<^<) = oA» + j8^ + 

where the indices are all positive, and ^, <m, are the lowest powers 

of ^ in the two series respectively, then 
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f'{t) = matrix— ^ + nbtn—l + 

4>{t) = fiatfJ^-l 4- vPm—l + 

so that, as before, Lt«= 1. 

We can furthermore prove that, whenever ^^V-r is zero, the limit of 

/(O) 

z is 1. For 

log* = <l>t\og{/t) = ^^ X /dog(/0, 

and Lt log« = Lt^ x Ltftlogift). 

ft 

But LtylHog(yO = Lti^L^ = I-t-^ = - Lt/* 

= 0. 
Hence Lt logz =» x = 0, and Lt ««!. The same proof maybe 

employed in the case when ^i-/ is finite. 

That we must not from these results conclude that the limit of « is 
always 1, at once appears from the fact that, by giving a suitable form to 
<^(^), we may make the limit have any finite positive value, say e. In 
fact, suppose that/(<), ^(^), are such functions that for aU values of t 
{/(<)} ^(t) is constant and =c. 

Then 4>{t) = .-i^^ ; and, if /(O) = 0, <^(0) = i??^ = ; 

or f{t\ </>(*), both vanish with t In this case we have for all values 
of ^, e = (/O^^ ~ ^ > ^^^ ^^® same is still true in the limit when < » 0. 

The value of ^^ ' is now infinite ; for 

1 

= logcLt t4i\l'= -logcLt - L- 
= ±00 ; 
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the upper or lower sign being used according as logc is negative or 
positive. 

It is easy to assign other forms to <l>{t) that "will make the limit 
of different from 1. Taking the expression 

^' iog/(0' . 

if we add to both numerator and denominator quantities which 
ultimately vanish in comparison with them, the limit of z will still be c. 
Thus, let us put (n being positive and not < 1), 

^' <» + log/(«) 
then ^ _ |«« + log/(<)} ^ logc ; 



Umi' I f(t) J ^ ' 



and -^ [Ml = fM ^og'> - IPg« 

Now, i£/(0) = 0, then.:^^ = 0; for,«beingtheabscissaON,(Fig.l6,17) 

and/(^) the ordinate FN, of a curve which passes through the origin, 
~j\ is the subtangent TN, which evidently vanishes when P moves 

up to the origin, that is, when < = 0. 

Hence - IttLxL . LrLzi = lose : or, in the limit, log« = logc, and « «= c. 

It will be found that, as in the last case, x?^ = — oo , if c > 1 : 

'/(O) 
and = + 00 , if c < 1. 

If we next desire to give </>(<) such a form that the limit of z will 
be zero, we must examine what takes place when we suppose c to be- 
come indefinitely small. In this case logc becomes indefinitely large, 

and negative : but since <f>(t)j which = , — ^-— , is to vanish with L 

log/(<) 

logc must vanish in comparison with log/(t). "We must therefore 

substitute for logc a function which, when < = 0, becomes - oo , but 

vanishes in comparison with log/(0). Such a function is 

— log{ -log/(<)}. We will put, then, n being positive,^ 

^(A = -log{-los/(0} . 
^ ' nK» + log/(«) 
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Hence log. = .^(01og/(0 = "^^i^^ • log/(0 

_ -log{-log./1(<)} 

log/(0 
whence Lt logs; = - oo , and Lt 2; = 0. In this case 

Lt^ = - Lt J5SL-l2iML =Zil= +00 : 
/(«) /(«)[m<» + log/(0] -0 

since Tnf^vanishes in comparison with logy(<), and Jjt/(t).\og/(t) = — 0. 
Similarly, if we put 

wL/A_ +log{-log/(0} 
^^^ ».t» + log/(<) ' 

we shall get Lt» = oo , and Lt ^-L = — oo . 

We have thus proved that when 2lLy is either zero or finite, 

whether positive or negative, the limit of z (or {/0)4^) is = 1 ; and 
when ^^ = + 00 , the limit may have any value from to 1 ; and when 

T} J = - 00 , any value from 1 to oo . 
/(O) 

It will help us to understand these results better if we study the 
form of the surface, « = icv. Giving to x any finite positive value, 
+ a, and to y any finite value, 6, which may be either positive or 
negative, we get one real and positive value of z, namely a^ ; and the 
question we have been considering is the determination of the value 
of z when both a and b simultaneously diminish according 
to a given law, and ultimately vanish together ; or in geometrical 
language, the determination of the point or points, where the 2^-axis 
cuts the surface. "We consider only positive values of x, because 
functions of the form ( - a)* will not give us a continuous series of 
real values as b varies continuously ; and we neglect all the negative 
values of z, that arise from giving to b such values as ^, f , &c. ; or, 

in general, — -— ; for these values also do not form a continuous 

series. Reverting to our old supposition that x = /(^), y = <l>{t),/(0) = 0, 
and </>(0) = 0, then any value of t determines a point in the xt/ plane; and 
the two equations together determine a curve in that plane passing 
through the origin. This curve may be considered as the projection 
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of a cutve on the surface; and if we suppose t to be diminished 
until it vanishes, and then determine the limiting value of z, this is 
equivalent to determining what point on the 2-axis we shall arrive 
at, if we travel to it along an assigned line on the surface. When we 

proved above that, if ^-^ is finite or zero, then Zq = 1, we virtually 

prove that, if we travel along any line on the surface, the projection 
of which on the xi/ plane passes through the origin and does not 
touch the ^-axis, we shall always arrive at the point on the s^axis at a 
distance = 1 from the origin. When we next proved that, if /(<), <^(<)» 

are algebraic functions, the value of «© is still = 1, although ^-1 

is infinite, we virtually proved that, if we travel along any curve 
on the surface, the projection of which is any algebraic curve passing 
through the origin and touching the ^-axis, we still arrive at the 
same point. We have also proved that, by proceeding along a suit- 
able curve on the surface, we may arrive at any point we please on 
the js-axis ; but in this case, the projection of the curve on the xy 
plane, must have contact of an infinitely high order with the ^-axis. 
In order further to elucidate the subject, I will now consider the 
nature of the sections of the surface made by the plane, ^ = c, for 
different positive values of c. The equation to the projection of this 

section on the ocy plane, is ajJ' = c ; whence y = ■ ^^ ^ . When c < 1, the 

logo; 

curve represented by this equation is of the form shown in Fig. 18, 

where the positive part of the y-axis is drawn downwards because 

this is more convenient than the usual position, when we desire to 

picture to ourselves the various sections as arranged on the surface, 

and thus obtain a conception of the configuration of the latter. The 

curve passes through the origin and touches the positive part of the 

^-axis ; and the line a; = 1 is an asymptote. If we put y = 1, we get 

05 = c ; and if y = - 1, we get or = — . Hence, if we make in the figure, 

c 

OB = 05 = OA = 1, and draw BP, hp^ parallel to the a>axis and meet- 
ing the curve in P, ;?, and then draw the perpendiculars PD, pd ; we 

have OD = c, and Od^ -. 

c 

When c > 1, the curve has the same form but it lies on the other 
side of the a^axis ; and if the new value, of c (say Cj) is the reciprocal 



76 

of the old one, the new curve will be the reflection of the old one on 
the a>axis. 

"We have seen that, whatever positive value we give to c, other 
than unity, the curve in Fig. 18 passes through the origin; and we 
conclude that every point on the positive part of the 2^axis, other 
than the point for which «=1, lies on the surface. The excepted 
point for which « = 1 requires special consideration ; in this case, we 
have o0=ly and we see that when x^l this is satisfied by any value 
of y ; hence every point on the line determined by 05 = 1, « = 1 lies on 
the surface. The equation is also satisfied by putting for x any finite 
positive quantity and making y = ; in other words, every point on 
the positive part of the line, y = 0, «= 1, lies on the surface ; but we 
have still to consider the point (001). 

The best way of examining the form of the surface in the neigh- 
bourhood of this point, is to study the changes in the section of the 
surface by the plane « = c, as c gradually approaches unity. For this 
purpose, we may neglect the part of the curve to the right of the 
asymptote. It is ea^y found that the coordinates of the point of 
inflection are 05 = €""• = '1353, and y = - ^ log c ; and that the equation 
to the tangent at that point is 

«+-ly_+i=o. 

er^ log c 

Hence, if we take OE = OF = -1353 (Fig. 19), OA as before being unity, 
and draw EH parallel to Oy, the points of inflection of the various 
sections will all lie in EH, and the tangents at them will all pass 
through the point F. We are now able to see that, as c increases up 
to 1, the curve of section gradually approximates to the straight lines 
O A and AG ; but, however close the curve is to OA, so long as it 
does not actually coincide with OA, it touches Oy, It is also easy 
to see that, when c> 1, the curves lie on the negative side of the 
a>axis, and all touch the negative part of the y-axis. 

These geometrical results show that when x and y both vanish, if 
the ultimate value of the ratio y : 05 is either zero or finite, whether 
positive or negative, then the ultimate value of 05^ is unity. Let 
PO be the projection on the xy plane, of the path of the moving point 
on the surface, and suppose that the surface is cut by an indefiinitely 
large number of planes parallel to the xy plane, then, as t receives 
difierent values, the path of the moving point on the surface will 
generally cut these curves of section ; and the same will be true of 
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the projections of the path and of the sections on the xy plane ; and 
the last of these curves which the path meets, will determine the 
ultimate value of z. Now, since all the projections of the sections 
touch the ^axis at the origin, if OP, the projection, of the path of the 
moving particle, does not touch the ^-axis at the origin, it must, as 
it approaches the origin, cut the projections of all the sections in the 
neighbourhood of the origin, until it meets at the origin, the line OA, 
which is the projection of the section for which «= 1. Hence, if OP 
does not touch the y-axis at the origin, or if the ultimate value of 
y : 05 {or of </>(<) :/(<)} is not ±oo , then the ultimate value of z is 
unity. This quite agrees with what was proved in the earlier part of 
this paper. 

Dr Thomas Muir has fumisht me with the following references 
to papers which I have not myself seen : — 

Johnson, W. W. On the expression 0*. Analyst III, pp. 118-121 

(1876). 
Franklin, F. Note on indeterminate exponential forms. American 
Jowmal of Mathematics I, pp. 368-9 (1878). 



The Bo-called Slmson line. 
By John Alison, M.A. 

This paper is an attempt to collect and arrange some of the pro- 
positions regarding the so-called Simson line, contained in various 
Mathematical Treatises and Journals. Proofs have been altered, or 
new ones substituted to suit the arrangement. 

§ 1. Figwre 20. If from any point on the circumference of a 
circle perpendiculars be drawn to the sides of an inscribed triangle, 
the feet of these perpendiculars are collinear. [The line on which 
they lie is known as the Simson line ; but it is doubtful if Simson 
knew it. See Nature^ Vol. XXX. p. 635.] 

§ 2. There are two theorems of which the preceding may be 
regarded as a particular case. 

(a). If lines be drawn from any point on the circumference of a 
circle, making equal angles in the same direction with the three sides 
of an inscribed triangle, the points of intersection of these lines with 
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the respective sides are collinear. Poncelet, PropriSiSs ProjeetiveSy 
§468. 

(6). Fign/re 21. If from any point F in a plane perpendiculars 
be drawn to the three sides of a triangle ABC ; and if the feet of 
these perpendiculars be joined, the locus of P so that the area of the 
pedal triangle may be constant is a circle concentric with the circle 
ABO. 

As F moves from the centre of the circle ABC to its circumfer- 
ence, the area of the pedal triangle diminishes from ^ (triangle ABC) 
to zero when the triangle becomes the Simson line. 

Let QKS, the pedal triangle, be denoted by A', and the triangle 
formed by joining the middle points of the sides of the triangle ABO 
by A ; the radius of the circle ABC, by R, and the distance between 
F and the centre of the circle ABO, by R'. Let O be the centre of 
the circumscribed circle, and AOK a diameter. Join OF and produce 
it to meet the circumference of the circle in D and draw BD. Join 
OF and CEl, and draw the perpendiculars AH, BI, FE, RF to the 
lines BO, CA, BD, QS respectively, and produce QF to meet BA in G. 

Then since each of the quadrilaterals BSFQ, FQOR is inscriptible 
in a circle, we have z. DBA = z. DCA « ^ FQR, and Z-ABF 
= L FQS ; hence l EBF = l FQR, and the triangles EBF, FQR are 

similar; therefore ^ = ~ or FE-RQ = FBRF. 

RF RQ 

From the similar triangles BFG and GSQ we get 

BP GF GB AB AK' BP AK BPRF AK* 
Simnarly^ = ^ (1). 



CP AK 

Again, the angles EDP, BAG being equal, we have 

pe_bi 

PD AB 

By(l)and(2)gQ:^=^B-BI^BI 



(2). 



But it has been shown that RQPE = PBRF : .-. ^BBF _ BI 

OPPD AK' 

and since g|:5| = ^, therefore QS^ = AC;BI 
PBRF AK OPPD AK** 

Now QSRF = 2A', CPPD = DO" - OF = R» - R", ACBI = 8A, 



k 
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A' R^ — B'' 
and AK^ = 4Er*; consequently we get finally — = — 

In a similar manner when the point P is without the circum- 

A' R'^ — R^ 
scribed circle it may be proved that — = ; consequently 

A' R' - R'^ 

-^ = ± — — ^ — according as the point is within or without the circum- 
scribed circle. When P is on the circumscribed circle R = R' ; hence 
A' = 0, that is, the triangle QRS becomes a straight line. 

The JUathematicictny (1847) Vol. II. p. 37 (Davis). An analytical 
solution is given in VoL L (1843). 

§ 3. If the projections (orthogonal or oblique) of a point on the 
three sides of a triangle are coUinear, the locus of the point is the cir- 
cumscribed circle of the triangle. 

§ 4. If from any point on a circle three chords be drawn, and if 
on the same side of these chords three similar segments of circles be 
described, the three circles so constructed will intersect two by two 
on a straight line. 

Conversely, if three circles have one common point, and intersect 
again two by two on a straight line ; and if chords be drawn from the 
comjnon point cutting off similar segments from the three circles in 
the same direction, the extremities of these three chords shall be con- 
cyclic with the common point. 

§ 5. Figure 20. If three circles pass through one point which 
is concyclic with their centres, they shall intersect two by two on a 
straight line. 

Let P be the common point, X, Y, Z the centres, draw diameters 
through P to A, B, C respectively. 

P is the external centre of similitude of the circles round XYZ and 
ABO ; and it is on the circle XYZ ; therefore it is on the circle ABO 
The theorem then becomes a case of § 4. 

The points of intersection lie on the Simson line P(ABO). 

Oor. The Simson line P(ABO) makes, with the sides of the 
triangle ABO taken by twos, three triangles, the centres of whose 
circumscribed circles are concyclic with P on a circle of half the radius 
of the circle ABO. JVouvelke Annales de Mathematiquee^ 2nd Series, 
Vol. X., p. 206. 
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§ 6. Figure 22. For everj complete quadrilateral there can be 
found a point such that the feet of the perpendiculars drawn from it 
on the four sides are collinear. 

For the locus of the point, the feet of whose perpendiculars on 
AB, BO, CD are collinear, is the circle round OBE (§ 3) ; and the 
locus of the point, the feet of whose perpendiculars on BO, OD, DA 
are collinear, is the circle round ODF. 

Therefore the feet of the perpendiculars from P, the second point 
of intersection of the two circles on the four lines AB, BO, OD, DA 
are collinear. 

Oor. 1. The circumscribed circles of the four component triangles 
of any complete quadrilateral pass through one point. 

Oor. 2. For every complete quadrilateral there is a point F such 
that if it be joined to the six vertices, and if circles be described on 
these lines as diameters, the six circles intersect three by three in four 
points which are collinear. 

The line of collinearity is the Simson line of each of the component 
triangles with respect to P, and may be called the Simson line of the 
complete quadrilateral. Oatalan's Theoremes et ProhUmea^ 6th ed., 
p. 34. 

§ 7. Figwre 20. If a triangle ABO inscribed in a circle have its 
vertex A ^ed ; and if the sides AB, AO be such that the rectangle 
under their distances from a fixed point P on the circle is constant ; 
the Simson line P(ABO) meets BO on a fbced circle. 

Draw a tangent at A, and on it drop a perpendicular PD'. 

P,B',A,0',D' are concyclic, and therefore z.PD'B'= iiPO'B', and 
L D'BT = L D'AP = L AOP, the angle in the alternate segment^ 
= L B'A'P, the angle in the same segment of the circle PB'A'O. 

Since ^PD'B'= z.PC'A' and z. PB'D' = P AO', therefore the 
triangles PB'D' and PC'A are similar and PD'-PA' = PB'-PO'. 

Since A and P are fixed points on the circle, therefore PD' is con- 
stant j and if PB''PO' be constant PA' is constant ; that is. A' lies on 

PB''PO' 

a circle whose centre is P. PA' the radius = , — . . Since PA'B 

PD' 
is a right angle BO has this circle for its envelope. 

Oor. If DEF be the triangle whose sides touch the circle at A, 
B, and 0, and if PD', PE', PF' be the perpendiculars from P on EF, 
FD, and DE respectively; PA'PB'PO' = PD'PE'-PF'. 



% 
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For PD'P A' = PB'PC, 

PE'PB' = PC'PA', 
and PFPO' = PA'PB'. 
Hence PD'PE'PF = PA'PB'PC 

§ 8. Figu/re 23. The Simson line D(ABC) is parallel to AP, 
BQ, and OR ; P, Q, R being the points where the perpendiculars 
from D on BO, CA, AB meet the circle again. 

L BAP = ^ BDP = complement of l DBO, 

= complement of L DAB', 
= complement of ^ DC'B', 
= L AO'B'. 
Therefore AP and C'A' are parallel; hence also BQ, OR are 
parallel to D(ABO). Catalan's TMoremes et Problemes, p. 36. 

Name the othocentres of the four triangles ABO, BOD, ODAl, 
DAB, 04,0i,0„0g respectively. 

§ 9. Figure 23. The Simson line D(ABO) bisects DO4. 

Since AlP is parallel to O'A', therefore MAP A' is a parallelogram, 
andAM = AT = A'Oi. 

O4, Oi are the images of N and P in BO ; therefore O4O1 and NP 
are antiparallels with respect to BO. But AD is also antiparallel to 
NP with respect to BO ; therefore O4O1D A is a parallelogram, and 
A04 = D0i; AM +A04 = D0i + 0iA'; M04=DA'; therefore M04A'D 
is a parallelogram, and DO4 one of the diagonals is bisected by the 
other diagonal D(ABO). Oatalan's Theoremes et ProblemeSy p. 37. 

§10. Figure 22. The orthocentres of the four component triangles 
of a complete quadrilateral are coUinear. 

For if P the intersection of the four circumscribed circles be joined 
to the four orthocentres Oi, O2, Os, O4, the lines POj, POj, PO3, PO4 
are bisected by the Simson lines of the triangles with respect to 
P (§ 9). But these Simson lines are coincident (§ 6, Oor. 2) ; the 
points of bisection of POj, POg, POg, PO4 are coUinear ; therefore 
Oi, O2) Og, O4 lie on a line parallel to the Simson line of the complete 
quadrilateral 

§ 11. Figv/re 22. The Simson line of a complete quadrilateral is 
at right angles to the line passing through the middle points of the 
three diagonals. 
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Oi is the orthocentre of ABF, X, Y, Z the points where Oi A, OiB, 
OiF cut the sides opposite A, B, F at right angles. AX, BY, FZ are 
pairs of points on the circles on AC, BD, FE as diameters ; therefore the 
potencies of the three circles with respect to Oj are OjA'OiX, OiB'OY, 
OF'OZ. But since AXBY and BYFZ are sets of coney clic points ; 
OjAOiX = OiBOiY = OiFOiZ ; that is, Oi is a point on the radical 
axis of the three circles on the diagonals as diameters. 

Hence also Og, O3, O4 are on the radical axis of the three circles, 
which is at right angles to the line through their centres, the middle 
points of the three diagonals. The Simson line is parallel to O1O2O3O4 
(§ 10) and is therefore at right angles to the line joining the middle 
points of the diagonals. 

§ 12. Figure 23. Given four points A, B, C, D on a circle, the 
Simson lines A(BOD), B(ODA), C(DAB), D(ABO) are concurrent. 

A040il> is a parallelogram (§ 9) and T is the intersection of the 
diagonals ; therefore T bisects AOi and DO4. Hence also T bisects 
BOa and COj. But the lines AOi, BOg, COg, DO4 are bisected by the 
Simson lines A(BOD), B(ODA), O(DAB), D(ABC) respectively; 
therefore the four Simson lines pass through T. HduccUional Times 
Reprint^ Vol. I., Question 1431. 

Cor. I. Since Oj, Og, Og, O4 are the external centres of similitude 
of the circumscribed circle ABC and the nine-point circles of the 
triangles BCD, CDA, DAB, and ABC respectively, and the radius 
of the nine-point circle is half the radius of the circumscribed circle ; 
hence the nine-point circles bisect AOj, BOg, CO,, DO4 respectively 
and so pass through T. 

The nine-point circles of the four triangles formed by joining any 
four points in a plane are concurrent. See Lady^s and Gentlemom^a 
Diaryy 1864, p. 55. 

Cor. 2. If A be a variable point on the circle, then the Simson 
lines D(ABC), B(ADC) intersect on the nine-point circle of DBC at 
a constant angle. 

However A move the Simson lines of the four triangles are con- 
current with their nine-point circles. But the triangle DBC is fixed ; 
therefore its nine-point circle is the locus of the intersection of D(ABO) 
and B(ADC). 

Since D(ABC), B(ADC) pass through the fixed points A' and H 
respectively on the nine-point circle of DBC and intersect on the 
same circle, therefore their angle of intersection is constant. 
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The angle is equal to l A'UH = 2 z. A'DC, 

= twice the complement of L BCD. 

§ 13. Figure 23. (a) O-f^j^j^^ is a quadrilateral equal in all 
respects to ABOD. 

For O4O2 has been shown to be parallel and equal to DA (§ 9) ; 
hence also OjOg is equal and parallel to AB, 
OaO, „ „ BC, 

and 0304 „ „ CD. 

Catalan's ThSo^'emes et Prohlemes. 

(b) T is the internal centre of similitude of the two quadrilaterals. 

(c) If three points be taken from one of the sets of concyclic 
points (ABCD), (Oi020g04) and the non-corresponding point from the 
other set, and if any three of these four points be taken as Tertices of 
a triangle, the fourth point is its orthocentre. For example, take the 
four points ABCO4 ; O4 is the orthocentre of ABO by construction, 
and by the same construction A is the orthocentre of BCO4, 

B „ CO4A, 

C „ O4AB. 

If three be chosen from the second set and one from the first the 

same is true, for ABCD and Oi030,04 are reciprocal figures ; that is, 
the same, construction which derived O1O2O8O4 from ABCD will de- 
rive ABCD from OiOa0804. 

(d) Any pair of points from one of the sets (ABCD), (0,020304) 
with the non-corresponding pair from the other set, are four points on 
a circle whose radius is equal to that of ABCD or Oi020g04. For 
example, O1BCO4 are on an arc which is the image of BKC in BC, 
«nd so is part of a circle of equal radius with ABC. 

§ 14. Figure 23. The Simson line D(ABC) is identical with the 
Simson line Oi(BC04). 

For D(ABC) passes through A' the projection of D on BC, and 
through T the middle point of DO4 (§ 9) ; and Oi(BC04) passes through 
A' the projection of O^ on BC, and through T the middle point of O^A. 

Hence also D(ABC) coincides with Oa(C04A) and 0,(04AB). 
Journal de MathSfnatiqries SpecialeSj 2nd Series, YoL III. p. 30 (Weill). 

Cor. 1. Every line in the quadrilateral ABCD is parallel to the 
corresponding line of O1O2O8O4, and if any line of one pass through 
T, the centre of similitude, so does the corresponding line of the other. 
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Hence D( ABC) and 04(0^0303) are parallel to each other, and both pass 
through T ; therefore they coincide. 

This gives a set of eight Simson lines which are coincident, viz. : — 

(1) D(ABC), 0,(BCO,), 0,(00,A), 0,(04AB), 

04(0,0A) A(OAI>), B(0,DO,), C(DOA). 

Of the points ABCD, OiOaOs04 we may form eight sets of four 
concyclic points, and of the four points in a set we may form four 
triangles and construct the Simson line of each triangle with respect 
to the fourth concyclic point. Thus we get thirty two Simson lines 
which coincide as shown above in four sets of eight, all passing 
through T. 

The other sets of coincident Simson lines are 

(2) A(BCD), 0,(CDO,), 08(D0,B), O^ABC), 
0,(0A04), B(0304A), 0(0,AOj), D(AOA). 

(3) B(CDA), 08(DA02), 04(A0,C), 0,{OJOD). 
0,(OAOi) C(040iB), DABO,), A(BOA). 

(4) C(DAB), 04(ABOs), Oi(BO,D), Oa(0,DA), 

OsAOA) D(OAC), AACO4), B(COA). 

Cor. 2. The nine-point circles of the thirty-two triangles named 
all pass through T ; and they coincide in eight sets of four circles ; 
for the nine-point circle of ABC is also the nine-point circle of 
BCO4, CO4A, and O4AB. 

§ 15. Figwre 23. Any line through T bisecting one of the sides 
of the quadrilateral ABCD is at right angles to the opposite side ; 
and any line through T bisecting one diagonal is perpendicular to the 
other diagonal. 

Since AO4O1D is a parallelogram, T the intersection of diagonals 
and X the middle point of one side ; therefore XT is parallel to AO4 
and so perpendicular to BC. 

Y is the middle point of DB, and T the middle point of DO4 ; 
therefore YT is parallel to BO4 and so perpendicular to AC. 

.Cor. If S be the centre of the circumscribed circle and W the 
middle point of BC ; XW and ST bisect each other. 

For XT and SW are both perpendicular to BC ; and SX and TW 
are both perpendicular to AD. Therefore SWTX is a parallelogram, 
and ST, WX, the diagonals bisect each other. Lad/tfs cmd GerUlemav^i 
Diary for 1865, p. 60. 
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§ 16. Figwre 23. The point T is such that 

TA» + TB'* + TO' + TD« = [Diameter of ABC]«. 
Draw J at right angles to BO. B J is a diameter. J = AO4. 
Because T is the middle point of IJO4 ; therefore 
2(TA» + TD«) = D A« + AG/ = D A« + OP 

= DA« + BJ«-BC«, 
also 2(TB« + TA») = AB» + BJ'* - 0D^ 
2(T0» + TB«) = B0« + BJ« - DA«, 
and 2(TD« + TO') = 0D» + BJ' - AB'. 

Hence TA« + TB' + TO' + TD' = BP. 

EdticcUional Times Beprint, VoL I. Question 1431. 

§ 17. Figure 24. The angle between two Simson lines D'(ABO) 
and D''(ABC) is equal to half of l D'SD" where S is the centre of the 
circumscribed circle of ABO. 

i.T=2lTA'B- 2lTA"B, 

= L B'D'O - L B'D'O, (since A'B'OD', A"B"OD" 
are inscribable quadrilaterals), 

= L D'O A - L D'OA, 

2 
Cor. 1. If BD' and OD'^ meet in M outside the circle; 
Z-T= Z-BAO- ^M. If M be inside the circle, Z-T= lM- lA. 

If M any point in the plane be joined to A,B,0, cutting the circle 
in D', D", D'", and if the three Simson lines relative to the points 
D', D", D'" be drawn ; then, 

^T =« ±(^A- lM), 
lT = ±{^B- lW), 

.-. lT+ lT+ L TT^ ± (two right angles - ^M+ lW + lW); 
.-. l'M.+ lM!+ lW±{lT'^ lT+ LT') = two right angles. 
Educ<Uumal Times Reprint^ YoL IX. Question 2480 (Tucker). 

Cor. 2. If E, F, G be the vertices of any triangle inscribed in 
the circle ABO, the Simson Hues E(ABO), F(ABO), G(A.BO) make 
a triangle similar to EFG. 

Oor. 3. This theorem gives us a method of finding a point on the 
circumscribing circle whose Simson line with respect to the given 
triangle will be parallel to a given line. 
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§ 18. Figure 24. The Simson lines relative to two points 
diametrically opposite intersect at right angles on the nine-point 
circle. 

Tf D' and D" be diametrically opposite then l D'SD" = a straight 

angle; and the angle between D'(ABC) and D"(ABC) = ^ °^ (§ 17) 

= one right angle. 

The Simson line D'(-^^^) P^^^ses through Y the middle point of 
D'O ; D"(ABO) passes through F'. 

Since O is a centre of similitude of the two circles, when DTD" 
becomes a diameter of ABO, P'P' becomes a diameter of the nine- 
point circle ; and the two lines passing through P and P" and con- 
taining a right angle must intersect on the nine-point circla 

Cor. Two Simson lines at right angles intercept on any side of 
the triangle ABO between their points of intersection with the side 
and the extremities of the side two equal segments. For the points 
of intersection are the projections of the ends of a diameter. Jwimal 
de Matliematiques SpecialeSy 2nd Series, Yol. III. p. 16. 

§ 19. Tf ABO, A'B'O' be two triangles in a circle having the pairs 
of vertices AA', BB', 00' diametrically opposite, the two Simson 
lines P(ABO), P( A'B'O') are at right angles to each other. 

Since the triangle A'B'O' is derived from ABC -by rotating it 
through two right angles, therefore AH and A'H' or A(ABO), 
A'(A'B'O') are parallel. 

P(ABO) makes with A(ABO) the angle ??^. (§ 17) 

P( A'B'O') makes with A'( A'B'O') the angle ^^. 

The angle between P(ABC) and P(A'B'O') is therefore 

L PSA' + L PSA L ASA' . , . , 
= — = a right angle. 

Cor. If P* be the diametral point of P, then the four Simson lines 
P(ABC), P'(ABO), P(A'B'O'), P'(A'B'O') form a rectangle, two of 
whose vertices are on the nine-point circles of ABO and A'B'C. Edu- 
cational Times Reprint^ Vol. VI. Question 1939. (Tucker). 

§ 20. Figure 24. Two Simson lines D'(ABO) and ©"(ABO) 
intercept on the nine-point circle of the triangle ABO two arcs, one 
of which is double of the other. 



% 
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Since O the orthocentre of the triangle ABC is the external centre 
of similitude of the circumscribed and the nine-point circles, the arc 
PP* is similar to the arc D'D", and subtends an angle at Q" equal to 
the angle in the segment D'BD". 

But L T between the Simson lines is equal to the angle in the 
segment D'BD". Therefore 2L T is equal to l FQ'T" ; l Q'FQ" is 
double of L FQ"F' ; and the arc Q'Q" is double of the arc YY'. 
J^wnfud de MathimcUiquea Speciales, 2nd Series, YoL HI. p. 13. 

Cor. FigtMre 25. If the arcs of the nine-point circle be measured 
in the positive direction we have 

XY = 2 YH = 2X W = 2 WY = 2KU, 
YZ = 2WK = 2YU = 2UZ = 2LY, 
ZX= 2UL = 2ZY = 2VX =2HW, 
YX= 2UY = 2YL = 2LX =.2HK, 
ZY = 2 VW = 2ZH = 2HY = 2KL, 
XZ = 2 WU = 2XK = 2KZ = 2LH, 

XH = KY + LZ. 

For the sides and perpendicidars of a triangle are the Simson lines 
of the three vertices and the three diametrically opposite points 
respectively. 

§ 21. Figure 23. The length of each segment of the line 
D(ABC) made by the sides of the triangle ABC is proportional to 
the distance of D from the vertex of the angle opposite the segment. 

For triangles ACD and CD A' are similar ; 

therefore -— -— = -— — . 
DO AC 

Triangles BDJ and D AC are similar ; 

DA BD 



therefore 



DC BJ' 



therefore — = ?5 ; therefore C'A' = ^BD. 
AC BJ' 211 

Similarly A'B' = l^CD. 
•^ 2R 

BV = ^AD. 
2R 

[This theorem is a particular case of what is proved in § 2. (5), 

, QS AC. 
namely, _- = ^~.] 
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Cor. 1. If D coincide with A then O'A' becomes the perpen- 
dicular from A on BC asid p^"^^^. Hence 2Rp = ABAC, a 

2R 

well known theorem. 

Cor. 2. Since A'B' + B'O' + C'A' = ; hence taking account of 
sign we get Ptolemy's theorem that 

AOBD = AB CD + BCAD. 

Cor. 3. If two points D and D' be taken symmetrical with respect 
to the diameter through B one of the vertices of the triangle ABC ; 
the segments opposite B of the Simson lines with respect to the two 
points are equal. 

For the segments are :^^BD and ^BD', and BD = BD'. 

2B» 2R 

Cor 4. If ABCD be a quadrilateral in a circle, the segments of 

A(BCD) intercepted between BC and CD, 

B(CDA) „ „ CD „ DA, 

C(DAB) „ „ DA „ AB, 

and D(ABC) „ „ AB „ BO 

are equal, for they are each equal to :— — . 

A(BCD) and C(DAB) are equally inclined to BD, 
B(CDA) and D(ABC) „ „ „ „ AC. 

§ 22. If D and D' be symmetrical points with respect ta the 
centre then the sum of the squares of the segments of their 8inison 
lines relative to one of the vertices of the triangle ABC is equal to the 
square of the side opposite that vertex. 

, a /ACBDV* /ACBD'V' 

= AC«. 

Cor. The sum of the squares of the six segments of the Simson 
lines with regard to two centrally symmetrical points is equal to 
AB* + BC* + C A*. §§21,22, Jownial de Matheniatiques EUmmtaires 
Vol. II. pp. 68-71 (Julliard). 

§ 23. Figv/re 23. The projection of any side of a triangle on a 
Simson line is equal to the segment of the line intercepted by the 
other two sides. 
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Draw BK perpendicular to AP. AK is equal to the projection 
of AB on D(ABC). 

The triangles ABK and DEC are similar. For the arc PC 
+ arc BAD = arc BA + arc LP ; take away the common parts, and 
arc AD = arc CL ; add arc DL to each, and arc AL = arc CD ; hence 
L ABK = L DEC. 

But the triangles are right angled, and are therefore similar. 

Therefore ^ = ?P =95 = ^ (§ 21); 

AB DE 2R AB ^^ ^ ' 

and AK, the projection of AB on the Simson line, is equal to A'B', 

the intercept between BC and CA. 

§ 24. Figv/re 23. Since the perpendicular from B on D(ABC) 
cuts the circle in a point L so that LC = AD, we have the following 
theorem : — 

If two points D, L be taken on the circle equidistant from A and 
C respectively, the line D(ABC) is perpendicular to LB and L(ABC) 
is perpendicular to DB. 

Cor. When D is the middle point of AC, D(ABC) is at right 
angles to DB, the internal bisector of the angle ABC. 

§ 25. Figiure 26. ABCD is a square inscribed in a circle, and 
P a point on the circumference, the area of the quadrilateral formed 
by the Simson lines A(BCD), B(CDA), C(DAB), D(ABC) is equal 
toi(PAPC + PBPD). 

ABC and ADC are diametral triangles, and therefore {§ 19) their 
Simson lines with respect to P cut one another at right angles. For 
the same reason the Simson lines of ABD and CBD intersect at right 
angles. By the construction of the figure the vertices of the quadri- 
lateral lie on the sides and diagonals of the square. 

(§21)A'B' = ||PC,A'D' = ^PA, 

B'C = — PB, CD' = — PD. 
2R 2R 

But since the quadrilateral A'B'C'D' is made up of two right- 
angled triangles, its area is equal to 

2 oxv 

= i(PAPC + PBPD). 
Cor. If ABCD be any rectangle in a circle, the area of the 
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quadrilateral formed by the four Simson lines of P, if P be opposite 
AB or CD, is equal to 

i(PAPC + PBPD).^. 
Eduoatumal Times, VoL XXXVI. p. 152. Question 7373. (Edwardes.) 

§ 26. Figure 25. Let XYZ, HKL be the pedal and medial 
triangles respectively of the triangle ABC ; U, V, W, the middle 
points of AO, BO, CO, where O is the orthocentre of ABO. (1) The 
Simson lines of the vertices of each of the triangles XYZ, HKL with 
respect to the other are concurrent at the centre of gravity of the 
perimeter of XYZ. (2) The Simson lines of the points U, V, W with 
respect to the triangle XYZ form a triangle, which has for its centre 
of similitude with ABO the centre of gravity of XYZ, and for its 
orthocentre the centre of gravity of the perimeter of XYZ. 

(1) The Simson line K(XYZ) passes through the middle of XZ, 
and is parallel to BY, the internal bisector of XYZ. (g 18, 24, Cor.) 
But lines drawn through the middle points of the sides of a triangle 
parallel to the internal bisectors of the opposite angles are concurrent 
at the centre of gravity of the perimeter of the triangle. 

Y(HKL) is the parallel drawn through D the middle of BY 
to the line BS, where S is the circumscribed centre of ABO, and 
orthocentre of HKL. (§ 9.) Let T be its point of intersection 
with PT drawn from the middle point of YZ parallel to AX. The 
triangles DTP and BYZ are respectively similar to ZOY and XYO ; 

?Z = ??=^; H = li. Hence X0=:2PT; therefore T is the 
YO PT 2PT ' YO OX ' 

centre of gravity of the perimeter of XYZ. 

(2) U(XYZ), V(XYZ), W(XYZ) (§ 24, Cor.) are the paraUels 
drawn through P, Q, R respectively to the sides BO, AO, AB ; let M 
be the intersection of the two last. The line XP cuts QR in N ; the 

AP 

line MN is parallel to AP and equal to — -. Then if MA cut NP 

GP 

in G, NG = — ; therefore G the centre of homology is the centre of 

gravity of XYZ. 

T is the orthocentre of the triangle formed by these three Simson 
lines ; because TM is parallel to AX. 

MathesiSj Vol. V. p. 58 (Van Aubel) ; and Edv^<Uional Times^ 
Vol. 37^ p. 380 (Tucker). 
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§ 27. Figwre 25. The triangle formed by the three Simsoti lines 
U(XYZ), V(XYZ), W(XYZ) has its sides respectively parallel to 
and half of BO, OA, AB ; so has the triangle U VW. 

U, V, and W are the middle points of the arcs YZ, ZX, and XY. 
UX, VY, WZ are the internal bisectors of the angles of the triangle 
XYZ ; and V W, WU, UV are at right angles to them respectively. 

Hence the proposition — If XYZ be any triangle in a circle, 
TJ, V, W the middle points of the arcs cut oflf by the sides ; the Simson 
lines U(XYZ), V(XYZ), W(XYZ) form a triangle whose sides are 
equal and parallel to those of the triangle TJ VW. EduccUional Times, 
VoL XXXV. p. 289, Question 7186 (Tucker). 

§ 28. Figure 23. Parabolas may be described such that A, B, 
C, D are their respective foci, and the sides of their corresponding 
triangles, tangents. The tangents at the vertices of these parabolas 
are concurrent, and their directrices pass through Oj, 0» 0,, O4 re- 
spectively. 

For if D be the focus, and AB, BC, CA tangents, then the feet of 
the perpendiculars from D on the tangents lie on the tangent at the 
vertex ; that is, the Simson line A'B'C is the tangent at the vertex 
of the parabola. The four Simson lines are the four tangents at the 
vertices, and they pass through T. (§ 12.) 

Because DO4 is drawn from the focus D, and is bisected by the 
tangent A'B'C (§ 9) ; therefore O4 is on the directrix. 

§ 29. Figure 22. If a parabola touch four lines, its focus is the 
point of intersection of the circumscribed circles of the four triangles 
formed by the four lines, and the Simson line of the complete quad- 
rilateral is the tangent at the vertex of the parabola. 

The axis of the parabola is parallel to the line joining the middle 
points of the diagonals of the quadrilateral. The directrix is the line 
of the orthocentres of the component triangles. 

§ 30. (a) Two Simson lines at right angles to one another are 
the asymptotes of an equilateral hyperbola passing through the vertices 
of the triangle. By § 18, Cor, 

(b) The locus of the centres of equilateral hyperbolas circum- 
scribed to a triangle is the nine-point circle. 

For the asymptotes, the two Simson lines at right angles to each 
other, intersect on the nine-point circle. (§ 18.) 
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(c) An equilateral hyperbola circumscribed to a triangle passes 
through its orthocentre. 

For, by § 14, the asymptotes of the equilateral hyperbola circum- 
scribed to ABO are also the asymptotes of that round BOO4 ; but a 
hyperbola is determined if its asymptotes and one point on the curve 
be given ; hence the proposition. 

§ 31. Figwre 24. The point where D'(ABC) touches its envelop 
is found by producing Q'F to T so that FT = Q'F. 

For as D' and D" approach indefinitely near, the angle T is inde- 
finitely diminished. P'Q' and F'Q" in the limit are parallel, and 
FF' and Q'Q" are antiparallel. 

In the triangles TP'F', TQ'Q" we have in the limit 
TF _ chord FF^ _ arc V^ ' _ . 
TQ" chord Q'Q" arc Q'Q" *' 

But — -— in the limit = ;-^, = i: 
TQ" TQ' ^ 

therefore TF = FQ', and T is the point where D'(ABC) touches its 

envelop. 

§ 32. Figure 27. The envelop of the Simson line is a three- 
cusped hypocycloid. 

Let QPT be the Simson line, T the point of contact with its 
envelop. Draw a circle FTR through T so as to touch the nine-point 
circle PQS at P. Since QP = PT the circles are of equal radius, and 
OR = 30P. As T traces out its curve it moves at every instant 
in the direction of the tangent TQ that is perpendicular to RT, and 
so that TP = PQ, and R moves round the circle ABB. These condi- 
tions will be satisfied if T be a fixed point on the circle PTR rolling 
within the circle ABB which is of triple radius ; the curve thus 
traced is a hypocycloid of three cusps. §§ 30, 31, 32, Jau/mal de 
Mathematiquea Speciales, 2nd Series, YoL III. pp. 14, 15, 31 
(Weill). 

§ 33. Figure 28. The following are some of the properties of 
the three-cusped hypocycloid deduced by considering it as the envelop 
of the Simson line. 

(1) If TjTj be a tangent at T, meeting the curve again in T^ and 
T, ; T^T, is of constant length, and tangents at T^ and T intersect at 
right angles on the inscribed circle. 
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For if QiTj and QiT^ be constructed Simson lines at right angles^ 
they intersect at Qi on the nine-point circle of the triangle of refer- 
ence (the inscribed circle of the hypocycloid) ; and since they meet 
their envelop at points such that QiPj = PiTj and QiPj = PjTa, there- 
fore TjT, is double of PiPj, that is double of the diameter of the 
inscribed circle. 

Since the sides and perpendiculars of a triangle are Simson lines 
with respect to that triangle, therefore T^T, is a Simson line and 
touches the hypocycloid ; and QQi, which is the perpendicular at Q, is 
also a tangent to the curve. (For the inscribed circle is the nine -point 
circle of the triangle TiTaQj.) 

(2) P is the middle point of TjT^ Therefore any tangent to a 
hypocycloid meets the inscribed circle in two points, one of which 
bisects the tangent ; and if a perpendicular be drawn to the tangent 
at the other point, the perpendicular is also a tangent to the hypo- 
cycloid. 

(3) Since P is the middle point of TQ, therefore QTi = TT3. 
That is, the part of the tangent intercepted between one of the 
branches of the curve and the inscribed circle is equal to the part be- 
tween the other two branches. 

(4) If SSx be drawn a tangent to the inscribed circle at Q^, the 
angles QQiS, QQiS, are bisected by the tangents to the hypo- 
cycloid QjP, and QiPj. 

For since the triangle QQiT, is right angled, and P, is the middle 

point of the hypotenuse, therefore l PaQQi is equal to l P2Q1Q. But 

L PsQQi is the angle in the alternate segment, and is therefore equal 

to L PjQiS. Since l P|QiPi is a right angle, therefore l QQiS^ is 

bisected by QiPi. 
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On certain formnlae for Repeated Differentiation. 

By Professor Ohrystal. 

In many questions of analysis relating to the theory of plane 
curves, it is convenient to be able to obtain quickly the expansions 

of/-— I (y**), and of I -—I (aJP^). These may be obtained as follows: — 
By an obvious extension of the theorem of Leibnitz we have 

where <fi,d^ . . ,dn differentiate y^tytt . • 'Vn respectively. 
Hence by the multinomial theorem 

(|).„^....„).™,x(i^^), 

where ri-«^:0...rn-«^:0; ri + rj... +rH = «. 
Kow in this formula let yi = y,. . . = yny each = y, and observe that 

tne term i_i ^ ^p,^ occur as often as there are permuta- 

(n!y>iW)p. 

tions of n things taken all together, p^ of which are all alike, p^ all 
alike, &c. ; that is nl/pilp^l times; we then obtain 

(#\V)=m!.!^( ^'-^^'-^ ); 

where ^i^O^m, r^^^O^m, ; 

^<|:l>n, Pa<|:l>7i, ; 

ripi + r^2+ =wi; 

P1 + P2+ =w. 

Similarly from 

i^^^^"^^^' • -y**) = (^+ ^1 + ^- • • + ^)'"(*''yiya- • yn) we derive 



^ 
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P(p-i)...{p-r+i)^_, (yr,)p.(yOp.. 



(; 



where r-«^Olf>w, ri-«^0:^m, ; 

Pi^l^w, p,^l>>w, ; 

r + /3iri + /3jr2+ =m; 

/>i + />a+ =w- 

Example 

W^^ ' 19!2! 81 7!2! 7!2! 6!3! 6!2! 5!4! 

5!3! 5!(2!)» (4!)»2! 4!3!2! (3!)*J 

+ 756y52/4y + 3024yay,yi + 226Sy^^^ + 1890^4^1 + TSSOy^i/sya + 1 680^3^ 



On a method for obtaaniiig the differential equation to an 

Algebraical Curve. 

By Professor Chrystal. 

1. Consider the conic represented by the general equation 

aQ + b^'hb^ + Cfpc^ + eiOcy + c^ = (1) 

Differentiating three times with respect to a we get 

^liy^ + c^iy^^ + Cjixy^^O (2) 

where (y), stands for \-j-\ (y). 

Again, from (2) by successive differentiation we derive 

My)4 + Ca(y^)4 + Ci(ay)4 = (3) 

Hy)5+c2(y^)5+c^(xy)5=o (4) 

From (2) (3) (4), eliminating the remaining constants, we have 

(y)8 (f)9 {^)z =0 (6) 

(y)4 (y")4 {^)a 

(y% (y")5 («y)5 

which is one form of the differential equation to the conic (1). 



96 



i 



Since (x^i/), = x{'i/% + 3( //),, 

(ajy)4 = %)4 + 4(2/)3, 

we have rejecting redundant columns, and dropping brackets where 
they are no longer necessary 

Vi 3^2 (y^)j =0 (7) 

2/5 51/4 (2/^)5 

From which it already appears that the differential equation to the 
conic (1) does not contain the independent variable explicitly, and 
that it contains the highest differential coefficient y^ in the first power 
only. 

We may simplify (7) still further, for 



ys 32/a (2/^)8 
3^4 ^Vz (2/^)4 



= 2y« 



2^5 %4 lOy, 



= 0. 



2/8 32/a 22/2/8+ 62/12/8 

Vi^ys^yyi-^ %i2/8+ 62/a' 

2/8 %4 22/2/5 + 102/i2/4 + 202/,2/8 
Whence we get immediately 

92/aV5 - 452/22/82/4 + ^Ot/s' = 
The result and the process by which it has been obtained may be 
compared with Halphen's method (Jordan Cours cPAnalyse de 
VEcole Folytecknique, t. L, § 53). 



(8) 



2. The method above applied to the general equation of the second 
degree, and some of the results are of a general character. This will 
perhaps be best seen by considering the general cubic, whose equation, 
for present convenience, I write as follows — 

ao-h(h'^ + cufi^ + ajpc^ + biy + b^ + b^ + CiXy + c^y + diX^ = ... (9) 
From (9) we derive at once 

^i(2/)4 + W2/')4 + W)4 + Ci(aJ2/)4 + C2(a^2/)4 + ^i(ay)4 = ... (10) 
From (10) by five successive differentiations we obtain five more 
equations, and using these along with (10), we eliminate the six con- 
stants, and obtain 



{y\ (A (A ^4 {«?y)4 (ay)4 
(y). (A (A (ay), (a^y). (<»lf'% 



= 



(11) 



(2/). (y'\ (A (ay). («V). (ay'). 
Now, observing that, if (w,l), (w,2), (w,3), <fec., denote the binomial 

coefficients of the n*^ power, we have 
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an eqtuUion of the Jn(n + 3)*^ order, linear in Uie highest differen- 
tial coefficient^ and not explicitly containing the independent variable, 

4. Adhering still to the supposition that all the coefficients of the 
primitive equation are independent, it is interesting to notice that the 
independent variable will not appear in the differential equation even 
if terms be omitted, provided that in those retained the powers of x 
which multiply the respective powers of y all occur in order without 
intermediate omissions. This is obvious on looking at § (2) and ob- 
serving the reason for the disappearance of the redundant columns. 

For example, let us take the cubic 

a^ + a^pc + OaJC* + {b^ + hiX + h^)y = 0. 

The resulting differential equation is 

(y)s («y)8 {^y)z =o, 
{y% (ay)» (^y)» 

which reduces successively to 



3^2 
%8 



2/5 h4 lOy, 



3yi 

6^2 



= 0...(14) 



(y)s Hy)2 3.2.%),+ 3.2.(y)i =0, 
(2/)4 4(2/)s 4.2.%),+ 6.2.(2/)a 
{y)5 5(2/)4 5.2.%),+ 10.2.(y)3 
It is interesting to observe that (14) is a differential equation 
whose complete primitive is a quadratic rational fraction of the most 
general kind. 

A similar equation could of course be obtained for a rational frac- 
tion of the most general kind, whose numerator and denominator are 
of the m^ and n^ degrees. 

5. If the condition in § 4 be not fulfilled the differential equation 
may contain x. 



For example, 



ao + a^ + bixy + Coy^ = 



gives 



= 0, 



= 0, 



(A Ml (2/^)1 

(«^)2 {^\ (A 
(A (^)s Wi 

2x xy^^ y 2yyi 

2 xy^'¥2y^ ^y^ + ^yi^ 

ays + 32/2 ^yys + 6y^i 
whence (y^ - 2xyy^ + a?y^)y^ + Zx{y - xy^y^ = 0, 

or throwing out the factor y - xy^ 

(y - aJ2/i)y8 + 3a?2/2^ = 



(15) 
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6. When the constants involved in the primitive integral equa- 
tion are not independent, but subject to particular relations, the above 
method must of course be modified. 

For example, in the case of the circle a + bx + cy + d{a? + 2/^) = 0, 
the differential equation is 



2^2 (a^ + 2/^)2 
which gives - 2ys + 



= ; whence 

2/2 22/«/a + 22/i» 
Vz 21/2/3 + %i2/2 



2/2 2 + (2/«), 
ys Wz 
= 0; 



= 0; 



that is 



that is 



Vz-Vi 



2/2 Vi 
Vz 3^2 
+ 2/2')2/8 - 32/12/2'* = ... 



= 0; 



(16) 



Again, taking the case of the parabola, a-\-hx'\-cy^ {Jx + eyf = 0, 



we derive 



= 0, 



{{aai + hy)% y^ 

{{oM + hyf)^ 2/8 

2(aaj + hy)hy^ + 2(a + hy^){a + hy^) 2/2 

2{aac + hy)hyi + 6(a + 6^1)62/2 2/3 

that is throwing out redundant rows and factors, 



whence 



0; 



This last may be written 

ay^ + h 



a + ^2/1 2/2 
3^2 Vz 



= 0. 



= 0. 



2/1 2/2 
32/2 2/8 
Hence the differential equation to the parabola is 

2/1 2/2 



2/3) 



2/4) 



whence y^ 



32/2 2/8 

2/2 2/8 

32/2 2/3 

+ 2/8 



that is 
or 



2/2 2/8 +2/8 2/1 2/2 
2ya 82/3 2/4 

32/2V4 - 5^22/3' = 0, 

32/2^4 - 52/s' = 



2/1 2/2 

32/3 2/4 

-2/4 



= 0; 



2/1 2/2 
32/2 2/3 



= 0; 



(17) 



6. When owing to the omission of certain terms in the general 
equation, or to particular relations between the constants a differen- 
tial equation of lower order than that corresponding to the general 
case is obtained, this differential equation must of course involve the 
truth of the more general one. 
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For example, in the case of the parabola we have 

^y%yA-^yz=^ 

whence by differentiation ^y^y^ - Ty^y^ — 0« 

This may be written Oi/aVs - ^^y^zU^ = ; 

or . 91/2^6 - ^^y^^i + 242/22/82/4 = ; 

that is using (18) 

QyaVs - 452/22/82/4 + 401/8' = ; 
which is the general differential equation to a conic section. 



(18) 



Note on the Jntegration of 2^a+5x'*)i'(2x. 
By Thomas Muik, LL.D. 

The integration of differentials of the form af^{a + Jxxf^Ydx seems 
to me to be susceptible of a more methodical mode of treatment than 
that commonly employed. In the ordinary way of presenting the 
matter there is little choice left to the student, when such an integra- 
tion is required of him, between a haphazard, tentative process, and 
the consultation of a text-book, in which lists of " formulae of reduc- 
tion " are given. 

In beginning the subject with a learner, I should first state that 
the integ^tion can be made dependent o^ any one of aix different 
integrals, viz : — * 



{or {a + hQir)^^dx, 



that is to say, the integral can be expressed in terms of a like integral 
in which the index of the monomial factor is greater or less by n ; in 
terms of a like integral in which the index of the binomial factor is 
greater or less by 1 ; in terms of a like integral in which the index of 
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the monomial factor is less by n, and that of the binomial factor 
greater by 1 ; and in terms of a like integral in which the index of 
the monomial factor is greater by n, and that of the binomial factor 
less by 1. 

Then I should proceed to show as follows how these transforma- 
tions could be effected, asking the learner to note particularly that 
in order to minimize memory work, I had set myself the problem of 
obtaining them all by one and the same process. 



!■ 



(I) \ar{a + ha^ydx in terms of ra5"'-^(a + bxTydx, 

Take the integral [ar^(a + bxr)'^^dx. 

Integrating " by parts " we have 
ar-''(a + bixr)'^^dx 

= -?^^^ (a + baf^)'^^- \J^^^I^(p + l)(a + ba^ynbaf--^dx, 
wi-n+1 Jwi-n + 1 

=--^!l!^(a + ba^)'^' - (p + l)i^ r^^^ ^ bx^Ydx, (a) 

m-n + V ' w-n + lj ^ ^' 

Again the fact that (a + fta")*^* = (a + baf'Y{a + ba^) gives 
^ar-"'{a + bar)'^^dx = a {ar-^{a + bx'^ydx + b {ar{a + ba^ydx. (fi) 

Eliminating af*~"(a + bx^)'^^dx between (a) and (ft) we have 

\af^{a + bx^ydx in terms of raf*~*(a + bx^ydx as was required. 

(2) riB*(a + 6aj»)'(fo; in terms of \ar-^{a + bx*')''dx. 

Take the integral \ar{a 4- ba^)'^^dx. 
Integrating " by parts " we have 



J 



— . (a + bx"")^^ - -?-— {p + 1 )(a + bTrynhar-^dx, (a) 
+ 1 J w»4- 1 



Again 



{oif^{a + hif)'^^dx = a {ixr{a + bx^dx + 6 {otr-^{a + b^xi^ydx, (J3) 
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Eliminating [af"(a + hx'*)^^dx between (a) and (^) we have 
af*{a + hx'^Ydx in terms of af^'^{a + baf^ydx as was required. 

(3)|.»(«.6a.rc^intennsofJa.(« + 6.")-<^. 

Take the integral \ ocr{a + bx^'ydx. 

Integrating " by parts " we have 

{ar(a + ba^ydx = ^ (a + baf^V - [^^^p(a 4- baf')'^^nhar'^dx, 
J ' w + r Jm+1^ 

= ^^ (a + baf^y - J^ \ar-^(a + 6af )^Wa^ (a) 
m + 1 fw+lj 

Again 
f x"» (a + 6af ) ''cZa; = a (ar{a + bar)^^dx + 6 {aT-^ia + &r")'-^(fo. (jS) 

Eliminating «"*+"(« 4- fta:")^'cfo; between (a) and (jS) we have 
I af"(a + bx'^ydx in terms of a~(a + bxr)^^dx as was required. 

(4) raf»(a + 6ic")''cZa;interm8of {ar{a-{-bixr)'^^dx. 

Take the integral \ar(a-\-bx'')'^^dx. 

Integrating "by parts" we have 
^ar{a + bixf'y-^^dx 

= ^""'' (a + baf)P^' - (^+I]n5 |-^^^^ . ^ barydx, (a) 
m-hl ' m+1 J ^ / "» \ / 

Again 
raf*(a + bx*)^^dx ^ a [^^"(a + bo^ydx + 6 ra;'"+"(a + bvf'ydx. (fi) 

Eliminating af*+"(a + 6a3**)''cZa; between (a) and {/B) we have 

\x'"{a + ba^ydx in terms of af*(a + 60:")''+ War as was required. 



^ 



J 
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(5) J^(«...r^ interns of Ja.-"(«.6».)-c/.. 

Take the integral faf^{a + bx"y+^dx. 

Integrating " by parts " we have 
af^{a + bxr)'^^dx 

= — (a + 60")''+^ - — ^(p + l)(a + bx^ynbar-'dx, 

m-n + V Jm-n+V ^^ ' 

= -^!l!^(a+6a:«)''+^-(^±IM [xHa^hx^ydx, 

Here it is not necessary to proceed further ; we have akeady got 
what was required. 

Take the integral \oiS^{a'\'hQf'ydx, 
Integrating " by parts " we have 

J ^ ' m+r ]m+V^ 

= .^ (a + 6x«)^ - 1^ [x^^ia + 6a^)^^cfoj. 

Here again we have got what was required by one operation only. 

The transformations thus being effected attention could be drawn 
to the leading points of the process by which all the six results are 
obtained. These are 

(a) The choice of an integral for operating on. 
(p) Integrating " by parts." 
(c) Partition of the integral into two. 

{d) Elimination of an integral between the two equations 
thus got. 

The only question remaining then to be answered would be as to 
how the integral we begin with is selected. The answer to this is 
that the monomial factor is always a;*^ unless we wish to make the 
required integral dependent on one where the monomial factor is 
a;'*"'*, in which case we start with af""** ; and that the binomial factor 
is always (a + 603**)**+* unless we wish to make the required integral 
dependent on one where the binomial factor is {a + 5a;") ^^^, in which 
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case we start with (a + bx'^y. If the learner's memory were not very 
robust and his spirit did not contemn the aid of a rule in rhyme, I 
should prefer to dictate to him the answer in a more condensed and 
winning form, viz : — 

Monomial's index leave unchanged, 

Except to lessen when required ; 

Binomial's increase by one. 

But change not if 'tis less desired. 
This, it seems to me, is Todhunter's third chapter in a nutshelL 
I am inclined to view it as one of the few unobjectionable outcomes 
of the modem over-examination system, it having been devised in 
1868 when preparing for an approaching hour of trial Another such 
product of the same period but of a less artificial character was pub- 
lished in the Journal of Education for 1875 with the title "On 
Integration by Parts." Both of them I have found of considerable 
service in teaching. 



Historical Nota on the so-oalled Simson line. 
By Thomas Muib, LL.D. 

The theorem that the feet of the perpendiculars drawn to the 
sides of a triangle from any point in the circumference of the circum- 
scribing circle are collinear is ascribed (Gerg. Ann. iv., p. 250, ca. 
1814) by Servois, though not with confident knowledge, to Simson. 
Baltzer, who gives us this information, refers also to Gerg. Ann. ziv., 
p. 28, p. 280, and to Poncelet. Fuller details, showing how the 
question of authority has hitherto stood, will be found in an extract 
from a letter of Mr Mackay's in Nature^ xxx., p. 635. Mr Mackay 
has further stated that he has not found the property mentioned in 
any of Simson's published works. 

It seems, therefore, of some interest to point out that the theorem 
is enunciated and proved in a paper with the title " Mathematical 
Lucubrations," published in Leyboum's McUlieTnatical Bepontory^ old 
series, vol. IL, p. 111. The author is Mr William Wallace, assistant 
mathematical master in Perth Academy, afterwards professor in the 
Royal Military Academy of Woolwich, and in the University of 
Edinburgh. The date of publication is 1798. No reference is made 
to Simson, the theorem apparently being given as new. 
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Mr Mackay drew attention to the connection between the 
theorem of the so-called Simson line, and another theorem redis- 
covered* by Professor Wallace about 1797, stated in Ley bourn's 
McUhematical Repodtoryy old series, vol. I., p. 309, and proved in 
voL II., p. 54. The theorem is — If three straight lines touch a 
parabola, a circle described through their intersections shall pass 
through the focus of the parabola. Professor Wallace, in his proof, 
draws perpendiculars from the focus on the three tangents, and shows 
that the feet of the perpendiculars lie on the tangent at the vertex ; 
in other words, that the tangent at the vertex is the so-called Simson 
line, which corresponds to the focus. 



Mnemonics for ir, _, e. 

IT 



By J. S. Mackay, M.A. 



The following mnemonics, with one exception, consist of verses 
or sentences such that if the number of the letters in each word be 
written down in the order in which the words occur, the desired 
value will be obtained. 



w. 



The value of ir to 30 decimal places is got from the quatrain (of 
whose age and authorship I am ignorant) : — 

QTiefaime a /aire apprendre un nombre utile aux sages / 

Immortel Archimedc, artiste ingenieur. 

Qui de tonjugement peut priser la valeur ? 

Potur moi ton probleme eut de pareils avantages. 
In these alexandrine verses the metre and the rhyme are good 
enough, but the sense is not very brilliant. 

Another version consists of only three lines : — 

Que f aims a f aire apprendre un nombre utile aitx sages 1 

Glorietix Archimede^ artiste ingenieux^ 

Toi de qui Syracuse aime encore la memoire. 



* It was first given in Sectio I., § 15 of I. H. Lambert's Insigniores Orhitae 
Cometarum Proprietates, Augnstae Yindelicorum, 1761. 
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Here the rhyme is at fault, and the last word contains one letter too 
many. Moreover, the statement about Syracuse cherishing the 
memory of Archimedes must be understood to be ironical, if one 
recollects Cicero's account (in the fifth book of his Tuaculan Qttesiions) 
of his visit to Archimedes' tomb. 

An English couplet, also of unknown authorship, gives the first 
13 decimal places : — 

How I wish I could recollect o/circle round 

The exact relation Archimede unwound/ 
The " relation Archimede unwound," it may be noted in passing, was 
that the circumference of a circle was less than 3^ and greater than 
3f? of the diameter. (See his Measurement of the Circle, Pro- 
position 3.) 

1 

IT 

The only French mnemonic for this value which I have seen is a 
rather forced one, but it may on that account be all the more easily 
remembered. It is — 

Zes Sjoumees de 1830 ont prScSde 89 d Venvera, 

•3 1830 98 
89, that is 1789 (as we say the '45 for 1745), and 1830 are the dates 
of the first and second French revolutions, and three days sufficed to 
carry out the second one. 
The question — 

Can I discover the reciprocal f 
gives the value correct to six decimal places, *318310. 

e. 

This value to 10 decimal places is obtained from 

Tu aideras a rappeler ta qitantite a heaucoup de docteurs amis ; 
and to 12 decimal places from 

We proffer a mnemonic to remember a standard or neperean 
base value instantly. 



A member gave the following for the values of the roots of the 
quadratic equation aoc^ + bx + G = : 
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From, square of b taJce iac ; > 

Squa/re root extracty and b subtract ; 

Divide by 2a ; you've x alway. 
Another mnemonic for the same values, due to Mr N. D. Beatson 
Bell, is 

Wlien you have written - 6, 

The double sign put down ; 

Then 6' - iac 

With square-root mark you crown ; 

Beneath it all a line you trace^ 

Beneath which line 2a you place. 
The value of the co-efficient of refraction of light in two important 
cases is got from the following : — 

When rays do pass from air to glass^ 

The value of fi is three by two ; 

But when they pass from air to water ^ 

The value of fiis one by three-quarterf^s) ! 



Eighth Meeting^ June \2thy 1885. 



Thomas Muir, Esq., LL.D., F.R.S.E., in the Chair. 



Sninniatioii of certain Series. 

By Professor Tait. 

[AhstracU*] 

The attempt to enumerate the possible distinct forms of knots of 
any order, though unsuccessful as yet, has led me to a number of 
curious results, some of which may perhaps be new. The general 
character of the methods employed will be obvious from an inspection 
of a few simple cases, and any one who has some practice in algebra 
may extend the results indefinitely. 

* This Abstract is part of the paper read in June, entitled ** On the detec- 
tion of amphicbeiral knots, with special reference to the mathematical pro- 
068868 involved." I have unfortunately mislaid the MS. — P.G.T. 
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Take, for instance, the series 



\ / 1.2 ^ ' 

where the coefficients are the terms of (1-1)", and the other factors 
are the m^ powers of the terms of an arithmetical series : — m being a 
positive integer. The well-known properties of exponential series 
give us an easy method of summing all expressions of this form. For 
we have 



which may be written in the form 

((p - q)x + ^^a^ -^^ir"^ ■*■ ^""T 

= 2— I ?iw"* - n(np + q- »)"• + ^'^'~ (np + 2q -jp)"* - ike I 
m!\ 1.2 ' 

Make np = r, q-^p = 8 * and p and q are known. 

The required sum is then the coefficient of oif" in the expansion of 

m\l(p-^q)x+^^ic'+ Y 

It vanishes therefore, so long as m z. n ; and for m = n its value is 

m!( j9 - g)"* = ( - )'*m!fi^. 
When the coefficients in the given series are the aUemate terms 
of (1 - 1)", we have only to treat, as above, the expression 

(e^ + e»*)- ± (€*« - €«*)*•. 
Such results may be varied ad libitum, by introducing two or 
more quantities in place of x, and comparing coefficients of like 
terms :— e.^., as in finding, by the two methods of expansion, the term 
in x^y' of the quantity 

(e^ - €^)\ 
But it suffices to have called attention to processes which can give 
endless varieties of results, some of which may have useful applica- 
tions. 
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MrUh Meeting, July lOth, 1885. 



A. J. G. Barclay, Esq., M.A., President, in the Chair. 



On the form in Polar co-ordinates of certain expressions 
occurring in Slastic Solids and In Hydrodynamics. 

By Charles Chreb, M.A. 

In this paper is considered the form taken in Polar co-ordinates 
by the equivalents of certain well known expressions in Cartesian 
co-ordinates which occur in Elastic Solids and in Hydrodynamics. 

The accompanying figure (fig. 29) will enable us to transform from 
Cartesians to Polars by simple geometry. 

Let the co-ordinates of the point P referred to O, to a fixed plane, 
and the axis ON be r, <^, 6. Let PQSR be an element of surface of 
a sphere centre O and radius r, while PQ'S'R' lies on a sphere of 
radius r + 8r; the several points being taken so that the space be- 
tween these elements as shown in the figure represents the ordinary 
polar element of volume. Thus co-ordinates of Q are r^ 6 + 8$, <f> 

R are r, 0, <^ + 8<^. 

Let PN and RN be drawn perpendicular to the axis ; 
and let PT, RT be the tangents to the arcs PQ, RS respectively. 
We are to regard as the fundamental directions at any point P the 
radius vector PP', the tangent to the arc PQ and the perpendicular 
to these two, i.e., the tangent to arc PR. 

We wish to find the relations between the fundamental directions 
at P and at the adjacent point S'. 

From the figure we see at once that the angle PNR = 8<f> 

POR = sin^a<^ 

PTR = cos^5<^. 

Thus the following scheme shows at once the direction cosines of 
the one set of fundamental directions referred to the other — 



110 



at S' 



e 



4> 



atp^ e 




1 


^86 


- sind8<f> 


w 


1 


-coadSij} 


aiaOBtf, 


co&08<f> 


1 



neglecting the squares and products of small quantities of the order 
86 or 8<f>, 

Regard now the fundamental directions at P as forming a system 
of fixed rectangular Cartesian co-ordinates to which is referred a given 
elastic solid. 

Let Uy Vy w denote the displacements at P along these axes, then the 
displacements at S' along the /undamerUal directions at S' are respec- 
tively 



dr dO d<i> ^ 

dr du d<p 

dr dS d<l> 



(I) 



Now, let XT', V, W denote the displacements at S' relative to the 
axes at P, then using the above scheme for the direction cosines and 
neglecting the squares and products of small quantities we get 

V' = u-h—&r + ^8e + —8<f,-v80-wsine84> 
dr da d<t> 



or as it may be written 

dr \ r du r f \rsm6d<f> r / 

Similarly we find 



Y'-v = ^^&r + ll^ + l.\r8e + l^±^'^cote\r^eS<f> 
dr \ r dd r / \rsni6 d<i> r f 



dr rdd 

These may be written thus 



\r^v£Lud<p r r / 



XT, durs , 1 /dv V . 1 du\ jN/i . 1 idw w 1 du\ . /i« . 



i(dv V 1 du\r.^ . 1 / 1 ^^ ^«« «?\ • nsi /o\ 



Ill 



^\dr r rddj \r dO rf 

.1/ 1 dv w . /} . 1 dw\ . /jjx . 

^\r die r rsintf d^/ ^ ^Vdr r r ddj ^ ' 

W - «, = i(^ - !? + -L, ^ W + j(l ^ - !?cote + J- *lW 

+ ( 1 !^ + !'cotd + «Und8^ 
Vsin^ d<^ r r f 

- i/ 1 ^ - ^ - !?W + j(l ^ + «'cotd - 1 *' \r^6 (4) 
\rsin^c^</> c^ r/ \r dd r rsmO d<f>/ 

Let us now adopt, for shortness, the following notation 

dr r dd r rsin^ d<p r r 

dv V , 1 du A 

— - + = jiC 

dr r r dd 

^-- + -1-^ = 26 V (6) 

dr r rsinS d<f> ' ^ ^ 

1 rfH+-ll«'_%otfl =2a 



rsin^ (i<^ r dO r 

' S4r-^2, V (7) 



rsin^ c?<^ dr r 

\ dw , w .n 1 C?t7 e^j, 

- _-+_cot^ ^— - =2P 

r a^ r rsm^ c/</> 

Then the displacements may he written 

U' - M = e5r + cr8^ + 6rsin^8<^ - fr8^ + ryrsin^Sc^ \ 
V - V = cSr +/ra^ + arsin^8<^ - ^in^8<^ + fSr I (8) 

W - w? = 6Sr + orS^ + gr^inO^ - rySr + ^r8^ ) 

The last two terms in each expression are obviously the displace- 
ments due to the rotation of the body as a whole through the ele- 
mentary angles ^, ?;, {, about the three fundamental directions 
through P. 

The first three terms in each expression indicate a relative dis- 
placement of points surrounding P such that, taking the fundamental 
directions at P as three Cartesian axes of a;, y, 2;, every point on the 
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quadric es? -\-fy^ + </»" + 2ayz + 262a; + 2cxy = constant (9) 

is displaced in the direction of the normal to the quadric. 

Since the rotatory displacement first considered causes no relative 
displacement of the particles of the solid, it introduces no elastic 
forces or stresses. These stresses, depending as they do on relative 
displacements, are thus functions only of the six coefficients e, f^ g^ 
a, 6, c, of the above quadric. 

This quadric has been called the Elongation Quadric, and its 
properties are well known. 

The stresses must operate in obedience to the principles of Con- 
servation of Energy, and so must be derivable from a potential which 
is a quadratic function of the relative displacements or strains, the 
potential representing the work done by the stresses during the cor- 
responding strains. The potential, as representing physical properties, 
must for an isotropic medium be independent of all systems of axes, 
and so must consist of such quadratic expressions involving e^fy g, 
a, by c, as are independent of the axes chosen. 

From the elongation quadric we see that such independent 

quadratic expressions must be derivable from e+/+g and 

a^ + b^ + c^- («/*+ eg +/g) the two first invariants of the above quadric. 

Thus for the potential we have an expression of the form 

2W = A{e+/+gy + B{a' + b* + <^-{e/+eg+/g)} where A and B are 

constants. 

This is at once seen to be the same as the form used by ♦ Thomson 

4 
and Tait, writing B =: 4n, A = A; + ^tj, and noticing that their a, 5, and 

c are double of mine. 

Adopting their usual constants m and n, and writing ? for a etc, 

in the above, we get the most convenient form 

2W = (m + n)((5+/+5^)' + n{a« + 6« + c«-4(-/+ci7+/j()} (10) 

and so W is completely known from (5) and (6) in terms of Polars, 
noticing now to drop the 2 in the second side of (6). • 

From W we can at once deduce the elastic forces at each point 
by regarding the fundamental directions at that point as foribing 
three rectangular axes. Thus using Thomson and Tait*s notation 
tlie stresses are P, Q, R, S, T, U, 



(7) of § 695, Part IL 
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P being = etc., 

S = — etc., 
da 

The surface conditions are those given by * Thomson and Tait. 

It will be found safer to use A, /x, v, however, for the direction 
cosines of the normal. It should be noticed that here the normal is 
referred to the fundamental directions at each point of the surface 
which vary from point to point. If, however, the surface be spherical 
fji = = v and A = 1, and the conditions are much simplified. 

The quantity A = « +/+ g occurs frequently ; its value is from (5) 

dr r r du r rsin^ dfp 

^If djur") 1 d{vrsme ) 1 d{wr^\ne) \ . . 

?\ dr \me dS sm^e d<l> J ^ "^ 

it indicates the expansion of unit volume during the strain. 

The values of f, rj, f in (7) can be written more concisely thus 

cy,lfd(vr)du\ 
^ r\ dr ddJ 

^"i^i^l dS d4>). 

It will be found that the equations given by f Lam^ for the 
equilibrium or motion of an Elastic Solid in Polars become, when the 
change in notation is allowed for, the following 

^ 'wa9 di> dr dd 'antf\d<» / 

where p is the df^nsity of the solid, and B, 6, 4> are the components, 
along the fundamental directions at the point considered, of the 
external forces. Thus the expressions ^, »/, f, are of great importance. 



* S 662, (1) ; § 670, (10) ; and § 734 of Part H. 
t Lemons snr I'Elasticit^. 
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In Hydrodynamics we are to regard u, v, w 8& the velocities at 
any point in the fluid. 

The equations (8) then give us the relative velocities of the fluid 
at two adjacent points along the fundamental directions at the first 
of the points. The two last terms in each indicate a motion of rota- 
tion in adjacent points in virtue of which the element of fluid moves 
as a solid body. Unless these terms vanish there is vortex motion, 
and ^, Tf, f are the components of the vorticity about the fundamental 
directions at the point considered. 

If ^, ?/, f all vanish, we get as before, the quadric (9). 
Its hydrodynamical property is that at every point on its surface 
the fluid is moving along the normal. 

This corresponds exactly to the quadric given by * Lamb noticing 
the difference of notation. 

Thus the conditions for irrotational motion are 

d(vr) _ c^ __ /\\ 
dr dO" 
1 du ^ d{wr) __ ^ 
sin^ d^ dr 
d{w^mO) _dv _r. 
dd d<l> ^ 

The quantity A, see (12), is termed the f ea^nsion of the fluid ; 
for an incompressible fluid it is zero. 

From (13) it is easily found that 

d^.J_ djrfrsme) 1 cf((rsin^) _ 
dr smO dd sin«^ d<f> ^ ' 

.*. ^, 77, { might be the components along the fundamental direc- 
tions of the velocities of an incompressible fluid. 

The conditions (15) may be verified by transferring directly to 
Polars the ordinary expressions for the components of vorticity, and 
resolving them about the fundamental directions at the point con- 
sidered. They indicate that udr + vrdd + u)rsia6dfl> is a complete 
differential 



(15) 



♦ See Lamb's " Motion of Fluids," Chap. in. 
t Ihid,t p. 6. 
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Notes on the method of Orthogonal Projection. 
By Robert J. Dallas, M. A. 

This paper is designed to call attention to certain extensions of 
this method, which do not seem to be generally recognised. Most 
writers consider the ellipse alone as amenable to orthogonal projec- 
tion, whereas all the conic sections are so. 

With the hyperbola we may use this method in three ways — 

(1) "By projecting a given diameter in the figure to be a trans- 

verse axis of the projected figure, when the result will 
follow by symmetry. 

(2) By projecting the hyperbola into a rectangular one. 

(3) By an imaginary orthogonal projection from the circle. 

Of the first two, which are obvious enough, I shall give one or 
two examples, although I think it is scarcely necessary to do so, 
especially as I believe all are amenable to the third mode of treatment. 
I shall omit figures for the most part as they can readily be drawn. 

I. P'CP is any diameter, P'Q, P'R are drawn parallel to the 
asymptotes, meeting tangent at P, in Q and R. Show that PQ = PR. 

Project the figure so that P'CP becomes the transverse axis, then 
the latent symmetry of the figure becomes explicit, and it is manifest 
that PQ = PR. So for a multitude of other examples. 

II. CP and CD are conjugate ; from P a tangent PT is drawn 
to the conjugate hyperbola, and from D, DQ, to the original hyperbola. 
Show that CQ and OT are conjugate. (Aberdeen Senior MathemcUical 
Examination 1884.) 

Project the hyperbola into a rectangular one. Then the 
whole figure has the asymptote between CP and CD for an axis 
of symmetry, and if we made it revolve half a revolution round it as 
an axis, we should get the same figure again. Hence CQ and CT are 
equally inclined to the asymptote, and by property of rectangular 
hyperbola are therefore conjugate. Here again, a latent symmetry 
has been made explicit. 

I now pass to the third method, which has the widest scope. 
Following the principle of continuity, we argue that as the ellipse and 
hyperbola shade into one another by insensible gradations, and are 
conies of co-ordinate importance, that is, each requires five conditions, 
therefore propositions which are true for the one remain true for the 
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other. This is reasoning from analogy rather than imaginary projec- 
tion, but it comes to the same thing. Let it be granted then, that 
from a circular cylinder we can cut any hyperbola, just as we can 
cut any ellipse — which of course involves planes inclined at imaginary 
angles, whose sines are greater than unity. [Throughout this paper 
I shall use " concentric " as an abbreviation for the three attributes, — 
concentric, similar, and similarly situated.] Now we know that the 
asymptotes of a hyperbola may themselves \te considered a hyperbola, 
for which the ratio of similitude = 0. This may easily be shown, for 
on any radius vector OP take p so that Op = fiOP, then when fi is 
very small we get a hyl)erbola lying very close to the asymptotes, and 
in the limit coinciding with them. This enables us to prove a well- 
known proposition, namely, that 

III. If the tangent at P meet the asymptotes in Q and R, tlien 
triangle CQR has constant area. 

For take two concentric circles — then any tangent to the 
inner, cuts off from the outer circle, a segment of constant area, 
by symmetry. Areas are projective properties, and we infer that 
the same truth holds with regard to any two concentric conies, 
whether ellipses or hyperbolas. Hence any tangent to the innt?r 
of two concentric hyperbolas cuts off a constant area from the 
outer. And they have the same asymptotes. Now let the outer 
hyperbola (the one nearer the asymptotes) shrink up till it becomes 
the asymptotes, then the proposition still remains true, and we get 
the result we set out to prove, the curvilinear segment degenerating 
into the triangle CQR. So the facts that QR is bisected in P, and 
that if we draw any chord RQQ'R' across the hyperbola and asymp- 
totes, then RQ = Q'R' follow at once from considering two concentric 
circles. Many other examples might be given. The following, as 
also Ex. I, can be treated both by this method and by the first. 

IV. PQ is any chord; parallels to the asymptotes are drawn 
through P and Q. Show that the other diagonal of the parallelogram 
thus formed passes through 0. 

Let PQ be any chord of a circle. From P and Q as -centres, 
describe two equal circles ; their common chord bisects PQ at right 
angles, and therefore passes through the centre. 

Now let the two circles become very small ; their points of cross- 
ing are now imaginary, but their radical axis or common chord will 
still pass through the centre. Project the big circle orthogonally 
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into a hyperbola, then the two very small circles or points (as thoy 
are in the limit) become pairs of straight lines parallel to the asymp- 
totes. For we have already seen that any pair of straight lines is a 
very small hyperbola, and is therefore projected into a point, or very 
small circle. Hence the result follows. 

I next proceed to the relation between the hyperbola and its con- 
jugate. Since both are concentric with the asymptotes, it follows 
that they are concentric with each other. Hence, as before, we can 
argue from two concentric circles to the hyperbola and conjugate. 
It is important to note that two circles are required. For instance, 
if in the ellipse OF and CD are conjugate, the parallelogram contained 
by OF, OD, and the tangents at F and D, has constant area. The 
same thing appears to be the case in the hyperbola, birt there is a 
slight difference — one fact is not the projection of the other. In fact 
the latter case is the projection of the following — (Fig. 30). 

F and D are points on two concentric circles such that OP and 
CD are at right angles ; tangents FR, DR are drawn. Show that 
rectangle OR has constant area. As it has of course by symmetry. 

The ratio of similitude for the hyperbola and conjugate is ^ - 1, 
as may be established thus. 

V. Let us have two concentric circles, and let OF = /xOD, and be 
at right angles to OD always. (Fig. 30). Draw the tangents FR, DR, 
then 0R« = (1 + /x»)OD« ; 

therefore R traces out a circle whose radius = ^1 + /x*OD. 

Hence for two concentric hyperbolas, the ratio of similitude being 
fi, the locus of intersection of tangents drawn at points where they 
are met by conjugate diameters, is another concentric hyperbola, 
whose ratio of similitude is ^1 + fi\ 

Now for the hyperbola and its conjugate, the locus is the asymp- 
totes — that is 

therefore fi= J -^ 

the ratio of similitude being for the asymptotes. 
As another example take the following. 

VI. Show that the hyperbola is its own reciprocal with regard to 
the conjugate. 

From any point F (Fig. 31) in the outer of two concentric circles, 
draw tangents to the inner. The chord of contact will, by sym- 
metry, touch a concentric circle, and if OR = fiOF, then W = /i^CF. 
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In the case we are considering, /it= >/*"l> ^^^ therefore we 
infer that if P be any point on the hyperbola its polar with regard 
to the conjugate, touches the original hyperbola at P', the other 

extremity of diameter OP, since OF = - CP = OP x ( J'^Y^ 

As a final example, I take one involving focal properties. The 
projective property of the focus may be readily established geometri- 
cally, for we know that 

1. A revolving right angle, makes with the circular asymptotes a 
harmonic pencil, and with no pair of Jixed lines but the circular 
asymptotes. 

2. If OL, CM be tangents to a conic, and the tangent at P meet 
LM in R, then OL, OP, OM, OR is harmonic. 

3. If the tangent at P meet directrix in Z, then PSZ is a right 
angle. Combining these we see that the tangents to a conic from a 
focus, must pass through the circular points at infinity. 

YII. A number of parabolas pass through a fixed point, and 
touch two lines. Show that the chord of contact envelopes a hyper- 
bola. {Aberdeen Senior Mathematical Exa^ninatiofi 1884). 

Project orthogonally any hyperbola asymptotic to OP, OQ, (Fig. 32) 
into a circle, then OP, OQ become the circular asymptotes, and the 
parabolas remain parabolas, while O becomes their focus S. Hence the 
problem becomes — Given a point and a focus of a parabola, find the 
envelope of polar of the focus, or the directrix. And this is of course a 
circle, whose centre is the fixed point, and which passes through S. 
Returning to the original figure, we find that the envelope is a hyper- 
bola whose centre is A, which passes throtigh O, and whose asymptotes 
are parallel to OP, OQ. 



On a number of concurrent spheres. 

By R. E. Allardice, M.A. 

This paper included an analytical proof of the following theorem : 

If ^^^ spheres 1, 2, 3, 4, 5, pass through the same point, and if 

the four points in which the four spheres 1, 2, 3, 4, intersect in sets 

of three be coplanar; and if the same be true for the sets 1, 2, 3, 5 ; 

1, 2, 4, 5 ; 1, 3, 4, 5 ; it will also be true for the remaining set 

2, 3, 4, 5. 

The same theorem is true for similar and similarly situated 
quadric surfaces. 



\ 
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Theorems connected with three matually tangent circles.* 

By Thomas Muir, LL.D. 

1. The communication on this subject, as originally made to the 
society, consisted of a series of theorems, giving (1) expressions for 
the radii of a great many sets of circles, (2) identities connecting 
several sets of these radii, and (3) miscellaneous identities closely 
related thereto. As, however, the paper culminated in a general 
theorem which may be looked upon as fundamental, and the proof of 
which makes evident the mode of arriving at the said expressions for 
radii, and as the relations connecting sets of radii are easily found 
when attention has been directed to their existence, I have thought 
it best to print little more than the fundamental theorem and a few 
auxiliary notes. 



2. The theorem 

If the rcidii of th$ two amaUer semi-cireles of an arheloa^ bes, and b, 
and a circle be vnecribed in the arbeloe^ then circles in the three curvi- 
lineal triangles cut off by the preceding cirde, then circles in the nine 
curviUneal triangles cut off by the Hyree immedieUely preceding cirdes, 
and so on sA libitum, the expression for tlie radius of any one of these 

circles isof the form 

ab{a + b) 

^* + rfab + Cb'^ 
where ^, 17, ( are integers. 

We know that if rj, r» r, be the radii of three circles in mutual 
contact., r^ the radius of one of the circles touching all the said three, 
and r^ the radius of the other, then 

±^1=1^1^1; (A) 

u u n n n 

it being understood that when one of the circles encloses the four 
others its radius is made n^ative. Now, should it happen that 
^19 ^s> ^3) ^^'^ ^4 ^^6 6^^^ of the form specified in the theorem, their 
reciprocals must have the common denominator ah {a-\- 6), and hence 
from (A) r^ must be of that form likewise. But the radii of the three 
original circles of the arbelos are of the form specified, for 



* This paper waa read at the February meeting, 
t See Mr Mackay's paper, pp. 2-11 aud fig. S3. 
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ah{a + h) 
""O.a^+l.aft + l.i^ 
, _ ah{a + h) 
~ I.a' + l.a6 + 0.fe2 ' 

anda + 6 = ?M^^+^)_ ; 

and it is known that the radius of the first inscribed circle is so also, 

being 

_ ah{a + h) 

hence each of the three next radii has the specified form. The 
same then follows regarding each of the nine radii succeeding these, 
and so on. The theorem is thus established. 

3. In the proof we have assumed that the radius of the first in- 
scribed circle is known. It is not necessary, however, to do so ; for 
the formula (A) suffices to find it. 

The three circles in mutual contact are in this case the three 
original circles of the arbelos, with the radii a, fe, a + 6 ; r4 is un- 
known, but we see from symmetry ^at it is the same as r^ ; hence 

from (A) we have 

1 2.2 2 



and 
as was to be shown. 



rg a a + o 
r^ ab{a + b) 



4. If we denote the reciprocal of the radius 

ab(a + b) 
$a^ + rjab + (b^ 
by (^, ?/, f), such calculations of radii can be made with great rapidity. 
Turning for a moment to the diagram (fig. 33), where, be it observed, the 
reciprocal of the radius of any circle is given in this notation i^t the 
centre, let us calculate the radius of the circle PQR. PQR touches 
the three mutually tangent circles (1, 1, 0), (1, 1, 1), (0, 1, 0), and 
the other circle which does so is the circle (0, 1, 1); hence 

(f V> + (0, 1, 1) = 2{(1. 1, 0) + (l, 1, l)-(0, 1, 0)}, 

= 2{(2, 2, l)-(0, 1, 0)}, 
= (4, 2, 2) ; 
••• (^,';.0=(4, 1, 1), 
as appears on the diagram. 



121 

5. The radius of the w*^ circle of any particular set of circles 
which have properties in common is readily obtainable. The follow- 
ing sets are noteworthy ; even the few members of them which appear 
in the diagram enable one to tell the radius of the n*'^ member. 

(0, 1, 1), (1, 1, 1), (4, 1, I), (9, 1, 1), K 1, I) 

(0, 1, 1), (1, 1, 4), (4, 1, 9), (9, 1, 16), « 1, n + V) 

(0, 1, 1), (1, 1, 9), (4, 1, 25), (9, 1, 49) « 1, 2n+l*) 

(0, 1, 1), (1, 1, 16), (4, 1, 49) («', 1, 3«+l') 

The circles of the first row extend up the horn whose tip is at A, 
those of the second row up a horn whose tip is at G, and so on. 
Similarly we have the series 

(1, 1, 0), (1, 1, 1), (1, 1, 4), (1, I, 9), (1, 1, 16),...(M, n') 

(1, 1, 0), (4, 1, 1), (9, 1, 4), (16, 1, 9), (w+1'. 1, n") 

(1, 1, 0), (9, 1, 1), ; (2«+l'. 1. «') 

where every triad of coefficients is got by reversing the order of the 
corresponding triad in the previous sets, i.0., as we should expect, by 
interchanging a and b. 

Next we have the series which extends up the horn whose tip is 
C viz * 

(1, 1, 1), (4, 7, 4), (9, 17, 9), (««, 2n'- 1, «»)• 

Then there are the lateral series 

(4, 1, 1), (4, 1. 9), (4, 1, 25), (4, 1, 2^^*) 

(4, 7, 4), (4, 7, 12), (4, 7, 28), (4, 7, 4n»-4n + 4). 

<&C., (&C. 

6. Although in enunciating the theorem of § 2 I have spoken of 
the arbelos, it should be carefully noted that what we have got to do 
with is properly not semicircles but circles. We start with one circle 
(0, 1, 1) touching another (0, 1, 0) internally, then in the space be- 
tween the two circumferences, and touching them both, we describe 
a series of circles, each one of which touches the one preceding it and 
the one following it. Now, there are two such series which can be 
symmetrically situated with respect to the common diameter AB ; 
first, the series, (1, 1, 4), (1, 1, 1), (1, 1, 0), (1, 1, 1), (1, 1, 4), the 
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largest of which has AC for diameter ; second, the series of which 
the two largest have AC for a tangent. (See fig. 9.) 

If this latter series be described, and circles inscribed in the 
curvilineal triangles thereby formed, and so on, as before, the radius 
of every one of these circles likewise can be expressed in the form 
ab{a + ft)/(f a' + rjab + (6% f being now, however, sometimes fractional. 

The main series, corresponding to the series (1, 1, 0), (1, 1, 1), ... 
in the former diagram, is 

(1, 1, i), (1, 1, J), (1. 1, ¥), 

Each of the latter, it will be seen, falls between two of the former, 
the two series dovetailing into one with a common law of progression, 
viz. : — 

(1. 1, 0), (1. 1, (i)»), (1, 1, 1*), (1, 1, (f)'), (1, 1, 2') 

Farther, the two new lateral series are 

(4, 1. 0), (4, 1, 4), (4. 1, 16), 

(4, 7, 7), (4, 7, 19), (4, 7, 39), 

Each of these also dovetails with the analogous series in the former 
diagram, the pair of combined series being 

(4, 1, 0), (4, 1, 1), (4. 1, 4), (4, 1, 9), (4, 1, «»); 

(4, 7. 4), (4, 7, 7), (4, 7, 12), (4, 7, 19),...(4, 7, n« + 2n + 4). 

If the one diagram be superposed on the Other so that the two can be 
viewed as one, these and other ties of relationship are well illustrated. 
For example, it will also be seen that any corresponding pair of circles 
taken from the two lateral series of the one diagram, touch the two 
original circles (0, 1, 1), (0, 1, 0) in the points where a circle of the 
main series of the other diagram touches them. 
But the field of such curiosities is unlimited. 
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On a theorem in Determinants. 
By Sir William Thomson. 



The Ancient Methods for the Duplication of the Gube. 

By J. S. Mackay, M.A., F.R.S.E. 

The object of the present paper is merely to exhibit the methods 
employed by the ancient Greek geometers in their solution of this 
celebrated problem. A critical discussion of these methods, of the 
origin of the problem, and perhaps also an account of more recent 
researches and a notice of the literature connected therewith may 
form the subject of a subsequent paper. 

The mythical origin of the problem is told by Eratosthenes in his 
letter to King Ptolemy III. (Euergetes), and mention is there made 
of the form into which Hippocrates of Chios (about 444 b.c.) recast the 
problem. Hippocrates's contribution may be set out thus : — 

If AB, CD, EF, GH be four straight lines, 

/ AB : OD \ 
then AB:GH=^CD : EF I. 

I EF : GH I 
Now if AB : CD= CD : EF =EF : GH, 

then AB : GH = triplicate of AB : CD, 

= AB^:CDl 
Hence if GH-2 AB, 0D»=2AB^ 

If, therefore, AB* is a given cube, and it is required to double it, 
take a straight line GH equal to 2AB, and between AB and GH 
insert two mean proportionals CD, EF. CD* will be the cube 
required. 

The solutions which follow are translated from the commentary 
of Eutocius of Ascalon (about 555 a.d.) on Archimedes's treatise 0/ 
the Sphere and Cylinder. See TorelH's Archimedis QuoLe Supersunt 
Omnia (Oxonii, 1792), pp. 135-149, or Heiberg's Archimedis Opera 
Omnia (Lipsiae, 1881), pp. 67-127. I have retained the order or 
disorder in which Eutocius gives the solutions, but have affixed ap- 
proximate dates to their authors. The solution of Pappus, which is 
also given by Eutocius, I have translated from Pappus himself. See 
Commandine's Pappi Alexa/ndrini Mathematicae Collectiones, or 



Hultsch's Pappi Alexcmdrini Collectioms Qtuie Supersunt (Berolini, 
1876), Book III., proposition 5. The same solution, in almost the 
same words, occurs again in the Eighth Book of Pappus, and it is from 
this passage that Eutocius makes his quotation. I have added the 
remarks which Eutocius makes on Pappus's method. Besides his 
own solution, Pappus gives those of Eratosthenes, Nicomedes, and 
Heron, as well as an incorrect solution by a geometer whom he does 
not name, and his own disproof of the same. 

Method of Plato (429-348 b.c.). 
Figures 1, 2. 

Two straight lines being given to find two mean proportionals in 
continued proportion. 

Let AB, BO at right angles to each other be'the two given straight 
lines between which it is required to find two mean proportionals. 

Produce them to D, E. 

Construct a rectangular frame FGH, and let a bar KL slide in a 
groove in one of the legs FG in such a manner as always to be parallel 
to GH. This will happen if another bar HM be understood to be 
connected with HG, and to be parallel to FG. For the surfaces FG, 
HM being grooved from above in dovetail fashion, and pins being 
fixed in KL to fit these grooves, the movement of KL will always be 
parallel to GH. 

With this construction let any side GH of the angle FGH touch 
. C, and let this angle and the bar KL be shifted until the point G be 
on the straight line BE, while the side GH touches C ; let the bar 
KL touch the straight line BD at K, and at the other part the point 
A, so that, as is the case in the figure, the right angle may have a 
position such as CED, and the bar KL a position such as DA. If 
this be performed the proposed solution will be effected. 

For, since the angles at D and E are right, 
OB : BE = EB : BD = DB : BA. 

Method of Heron (about 111 B.a), 
As GIVEN IN HIS Treatises on Mechanics and Catapults. 

Figures. 

Let AB, BC be the two given straight lines between which it is 
required to find two mean proportionals. 
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With centre B and radius AC describe the circle HKL, and 
again with centre C and radius AB describe the circle MHN, cutting 
HKL at H ; and join HA, HB, HO. 

Then BG is a parallelogram, and HA a diagonal of it. Bisect 
ELA. at X, and with centre X describe a circle cutting AB, AC pro- 
duced at D, E, in such a way however that D and E may be collinear 
with H. This would happen if a bar cutting AD, AE were moved 
about H till the lines from X to D, E were equal If this be done 
the solution will be obtained. 

For the construction is the same as that of Heron and Philon ; 
and it is obvious that the same demonstration will be applicable. 

Method of Diocl£s (about 180 B.a f), 

AS GIVEN IN HIS TBEATISE ON FiBE-INSTBUMENTS. 

Figures 6, 7. 

In a circle let two diameters AB, CD be drawn at right angles, 
and on opposite sides of B let two equal arcs EB, BF be cut off; and 
through F let FG be drawn parallel to AB, and let DE be joined. 
I say that FG, GD are two mean proportionals between CG, GH. 

Through E draw EK parallel to AB. 

Then EK = FG, and KC = GD. 
This will be evident if LE, LF be joined. 

For angle CLE = angle FLD, and the angles at K, G are right; 
therefore, since LE = LF, all the parts of the one are equal to all the 
[corresponding] parts of the other ; 
therefore the remainder CK = GD. 
Hence since DK : KE = DG : GH, 
and DK : KE = EK : KC, 

for EK is a mean proportional between DK, KC ; 
therefore DK : KE = EK : KC = DG : GH. 

Now DK = CG, KE = FG, KC = GD; 

therefore CG : GF = FG : GD = DG : GH. 

If therefore on both sides of B there be taken equal arcs MB, BN, 
and through N there be drawn NX parallel to AB, and DM be 
joined, NX, XD will be mean proportionals between CX, XO. 

If therefore we draw several consecutive parallels between B and 
D, and from B towards C set off arcs equal to those cut off by the 
parallels towards B, and draw straight lines from D to the points 
thus obtained, like DE, DM, the parallels between B and D will be 



cut at certain points (O and H in the accompanying figure 6). If 
these points by the application of a ruler be joined by straight lines 
we shall have in the circle a certain line described in which if any 
point be assumed and through it a parallel be drawn to LB, the 
parallel so drawn and the segment of the diameter towards D will be 
mean proportionals between the other segment of the diameter to- 
wards 0, and that part of the parallel between the assumed point and 
the diameter. 

These preliminaries being arranged, let A, B be the two given 
straight lines between which two mean proportionals are to be found. 
In the circle whose two diameters CD, EF are at right angles, let 
there be described by continuous points, as already shown, the curve 
DHF. As A is to B, so let CG be to GK ; join OK and produce it 
to meet the curve at H ; through H draw LM parallel to EF. Then, 
by what has been already said, ML, LD are the mean proportionals 
between OL, LH. 

Now since CL:LH = CG:GK, 

and OG:GK= A:B; 

if between A and B we insert means N, X in the same ratio as CL, 
LM, LD, LH, then IST, X will be the mean proportionals between A 
and B, as was to be found. 



Method op^PAPPua (about 300 a.d. 1). 

Figure 8. 

A cube is found not only double of a cube by means of the instru- 
ment described below and invented by us, but also generally having 
any prescribed ratio to it. 

Let a semicircle ABO be constructed, and from the centre D let 
BD be drawn at right angles. Let a rule move round the 
point A in such a manner that the one end of it may be fastened 
with a nail at A, and the remaining part revolve between B and 
round the nail as a centre. This construction being made, let it be 
enjoined to find two cubes having to each other a given ratio. 

Let the ratio of BD to DE be made the same as the given ratio i 
join OE and produce it to F. Let the rule be moved between B and 
C till the part of it intercepted between the straight lines FE, EB be 
equal to the pan between the straight line BE and the circumference 
BKO ; for this by continued trials and transference of the rule we 
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shall easily effect. Let it be done, and let the rale have the position 
AGHK, so that GH, HK are equal : 

I say that the cube described on BD has to the cube described on 
DH the prescribed ratio, namely that of DB to DE. 

Let the circle be understood to be completed ; 
and having joined KD, produce it to L. 

Join LG, which is parallel to BD, because KH :=^ HG and KD = DL ; 
join also AL and LO. 

Since the angle GAL in a semicircle is right, and AM is a per- 
pendicular 

LM :MA =MA :MG ; 
therefore LM^ : M A« = AM^ : MG= ; 

and therefore OM : MA = AM* : MG= . 

With each of these ratios let the ratio of AM to MG be compounded ; 

then rCM:MAl |AM»:MG»| 

lAM : MGJ lAM : MG / ' 

that is OM:MG = AM^iMG^. 

But OM : MG = CD : DE = BD : DE , 

and AM:MG = AD:DH = DB:DH; 

therefore BD : DE (the given ratio) = BD» : DH». 

Accordingly if, as BD is to DH, we make DH to another straight 
line such as DN, then DH, DN will be two mean proportionals be- 
tween BD, DE. 



Now, it is to be observed that this construction is the same as 
that which Diodes has proposed, and differs only in this that he 
describes by consecutive points between A and B a certain curve, 
on which the point G is taken by producing OE to cut the said curve, 
while here the point G is found by means of a rule movable round A. 
That the point G is the same whether it is obtained as here, by 
means of a rule, or as Diodes says, we may learn thus. 

Produce MG to N,* and join KN [cutting DB at X]. 
Since KH = HG, and GN is paralld to HB, 
therefore KX = XN. 
Now XB is common and at right angles [to KN], 

* This addition to Pappus's figure is left to be made by the reader. The 
point N here is different from the point N spoken of in the last sentence of 
Pappus*! solution. 



for KN is bisected perpendicularly by the line through the centre ; 

therefore the base is equal to the base, and, on that account, the 

circumference KB is equal to BN. 

The point G, therefore, is the point on Diocles's curve, and the 

demonstration is the same. 

For Diodes said that 

CM : MN = MN : MA = AM : MG; 
and NM = ML, for the diameter cuts it perpendicularly ; 
therefore CM : ML = LM : MA = AM : MG. 
Hence between OM, MG, the mean proportionals are LM, MA. 
But OM:MG = OD : DE, 

and OM:ML = AM:MG = CD:DH; 

therefore when two mean proportionals between CD, DE [are to be 
found], the second [line, that is the first mean proportional] is DH, 
which also Pappus obtained. 

Method of Spobus.* 

Figure 9. 

Let AB, BC be the two given unequal straight. lines ; it is required 
to find between AB, BC two mean proportionals in continued pro- 
portion. 

From B draw DBE at right angles to AB ; 
with centre B and radius BA describe the semicircle DAE. 
Join EC, and produce it to F ; and from D let a straight line be 
drawn so that GH is equal to HK ; for this is possible. 
From G and K let the perpendiculars GL, KNM be drawn to DE. 

Since KH : HG = MB : BL, 

and KH = HG ; therefore MB = BL ; 
therefore the remainder ME = LD ; 
therefore the whole DM = LE ; 

therefore MD : DL = KM : GL . 

Again since DM : MK = KM : ME ; 

therefore DM : ME = DM* : MK» 

= DB« : BW 

= AB« : BH«, for DB = AB. 
Again since MD:DB = LE :EB; 



* Eatocios is, as far as I know, the only ancient author who mentions 
this geometer. 
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but MD:DB = KM:HB, 

and LE:EB = GL :0B; 

therefore KM : HB = GL : OB . 

Now KM: GL = MD :DL, 

= DM :ME, 
= AB2:HB^ 
therefore AB'-.HB'^^BH :B0. 

Between HB, BO take a mean proportional X. 
Since AB« : BH« = HB : BO ; 

but AB2 : Bff = dupUcate of AB : BH, 

and HB : BO = dupUcate of HB : X ; 

therefore AB : BH = BH : X. 

But BH : X = X : BO ; 

therefore AB : BH = BH : X = X : BO. 

It is obvious that this method is the same as that of Pappus and 
Diodes. 



Method of Menechmub (about 350 b.c.). 

Figure 10. 

Let A, E be the two given straight lines ; it is required to find 
two mean proportionals between A, E. 

Let it be done, and let them be B, ; 
and let the straight line DG, given in position and terminated at D, 
be drawn. 

At D let DE be made equal to 0, and let HE be drawn at right 
angles, and EH made equal to B. 

Since then the three straight lines A, B, are proportional, the 
rectangle A • = B* ; 

therefore the rectangle under the given line A and 0, that is DE, 
= B2 = EH2; 
therefore H lies on a parabola described through D. 

Let the parallels HK, DK be drawn. 

Since the rectangle B • is given, for it is equal to the rectangle 
AE; 

» 

therefore the rectangle KH * HE is also given ; 

therefore the point H lies on a hyperbola with KD, DE for asymp> 

totes. 

The point H is therefore given, and therefore also the point F. 
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The synthesis will be the following : — 

Let A, E be the given straight lines, and let DG be given in 
position and terminated at D. Through D let there be described a 
parabola whose axis is DG and parameter [literally, right side of the 
figure] A. Let the squares of the ordinates drawn at right angles to 
DG be equal to the rectangles [literally, let the straight lines drawn 
at right angles to DG be equal in power to the spaces] applied to A, 
and having as breadths the lines cut off by them to the point D. 
Let DH be the parabola, and let DK be perpendicular. 
With KD, DF as asymptotes let a hyperbola be described such that 
the lines drawn parallel to KD, DF shall make a space equal to the 
rectangle A ' E ; it will cut the parabola. Let it cut it at H, and 
let the perpendiculars HK, HF be drawn. 

Since then WW = A -.'DF ; 

therefore A : FH = HF : FD. 

Again since A-E = HF-FD; 

therefore A : FH = FD : E. 

But A:FH = FH:FD; 

therefore A :FH = FH :FD = FD : E. 

Let B be made =HF, and = DF; 
then A:B = B:0 = 0:E; 

therefore A, B, 0, E are in continued proportion, as was to be found. 

Otherwise. 
Figure 11. 

Let the two given^ straight lines AB, BO be at right angles to 
each other, and let the means between them be DB, BE, so that 

OB : BD = BD : BE = BE : BA, 
and let DF, EF be drawn at right angles. 

Since OB:BD = DB:BE; 

therefore the rectangle OB * BE, that is the rectangle under a given 
line and BE = BD'* = EF. 

Since then the rectangle under a given line and BE = EF ; therefore 
F touches a parabola about the axis BE. 

Again since AB : BE = BE : BD ; 
therefore the rectangle AB * BD, that is the rectangle under a given 
line and BD = EB« = DF^ ; 

therefore F touches a parabola about the axis BD. 
But it touches also another given '[parabola] about [the axis] BE ; 
therefore F is given. 
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And FD, FE are perpendiculars ; 
therefore D, E are given. 

The synthesis will be the following : — 

Let the two given straight lines AB, BG be at right angles to 
each other, and let them be produced indefinitely from B. About 
the axis BE let there be described a parabola whose parameter is 
BG. Again about the axis DB let there be described a parabola 
whose parameter is AB. These parabolas will cut each other ; let 
them cut at F, and from F let the perpendiculars FD, FE be drawn. 

Since from the parabola FE, that is DB, has been drawn, 
therefore GB • BE = BD» ; 

therefore GB : BD = DB : BE. 

Again since from the parabola FD, that is EB, has been drawn, 
therefore DB • BA = EB« ; 

therefore DB : BE = BE : BA. 

But DB:BE = GB:BD; 

therefore GB : BD = BD : BE = EB : BA, 

as was to be found. 

The parabola is described by means of the compass invented by 
the engineer Isidorus of Miletus, our master, and described by him in 
the commentary he wrote on Heron's Arches, 

Method of Archytas (about 400 b.c.), 
as eudemub gives it. 

Figure 12. 

Let the two given straight lines be AD, G : it is required to find 
two mean proportionals between AD, C. 

About the greater AD describe a circle ABDF, and in it let there 
be inflected AB equal to C ; let AB produced meet at P the tangent 
to the circle drawn from D, and let BEF be drawn parallel to PD. 
Let a semicylinder be conceived to be situated uprightly on the semi- 
circle ABD, and on AD an upright semicircle lying in the parallelo- 
gram of the cylinder. Now, while A the end of the diameter re- 
mains fixed, if this semicircle be revolved from D towards B, it will 
in its revolution cut the cylindrical surface, and will describe on it a 
certain line. Again, if, while AD remains fixed, the triangle APD 
be revolved with a motion opposite to that of the semicircle, it will 
describe a conical surface with the straight line AP, and this in its 
revolution will meet the line on the cylinder in some point ; at the 
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same time B will describe a semicircle on the surface of the cone. 
At the place where these lines meet, let the revolving semicircle 
have the position DKA, and the oppositely revolving triangle the 
position DLA ; and let K be the point of the said meeting. Let also 
the semicircle described by the point B be BMF, and let the common 
section of it and the circle BDFA be BF. From K to the plane of 
the semicircle BD A let a perpendicular be drawn : it will fall on the 
circumference of the circle, because the cylinder stands uprightly. 
Let it be KI, and let the line joining I to A meet BF at H, and the 
line AL meet the semicircle BMF at M. Let KD, MI, MH be 
joined. 

Then since both the semicircles DELA, BMF are perpendicular to 
the underlying plane, their common section MH is perpendicular to 
the plane of the circle, so that MH is perpendicular to BF j 
therefore HBHF, that is H AHI = MH*. 

Hence triangle AMI is similar to both triangles MIH, MAH, and 
angle IMA is right. 
Now angle DKA is right ; 

therefore KD, MI are parallel, and from the similarity of the triangles 
there will be proportional 

DA : AK = KA : AI = IA : AM ; 
therefore the four DA, AK, AI, AM are continually proportional 
Now AM is equal to 0, since it is equal to AB ; 
therefore between the two given lines AD, two mean proportionals 
have been found AK, AI. 

Method of Eratosthenes (276-194 b.c.). 

To King Ptolemy Eratosthenes greeting. 
They say that an ancient tragedian introduced Minos constructing 
a tomb for Glaucus, and that when he learned that it was to be a 
hundred feet every way, he said: You have indicated a small 
enclosure for a royal tomb : let it be double ; and failing not of the 
beautiful form, double quickly each side of the tomb. But it appeared 
that he had made a mistake ; for when the sides were doubled, the 
surface became quadrupled, and the solidity octupled. Now, the 
inquiry was made by geometers how one could double a given soUd 
and retain it in the same shape, and such a problem was called the 
duplication of the cube ; for having supposed a cube they sought to 
double it. When all were for a long time at a loss, Hippocrates of 
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Chios was the first to perceive that if between two straight lines, the 
greater of which was double the less, there could be found two mean 
proportionals in continued proportion, the cube would be doubled, so 
that his difficulty was exchanged for another difficulty equally great. 
At a later time, it is said that certain Delians, in obedience to an 
oracle, attempted to double one of the altars, and fell into the same 
difficulty. They sent accordingly to the geometers, who were with 
Plato at the Academy, requesting them for a solution of the problem. 
While they were industriously applying themselves to the matter, 
and endeavouring to find two means between the two given lines, 
Archytas of Tarentum is said to have discovered them by means of 
his semi-cylinders, and Eudoxus by means of the so-called curved 
lines. Now, all these succeeded in writing demonstratively, but they 
were not able to make practically useful applications of their methods, 
except Menechmus to some small extent, and that with difficulty. 
But an easy instrumental method has been contrived by us whereby 
between the two given lines we shall find not only two means, but 
as many as any one shall prescribe. This being found, we shall be 
able to change into a cube any given solid contained by parallelo- 
grams, or to transform from one shape into another, and to make 
similar, and to increase while preserving the similarity, as, for 
example, altars and temples. We shall be able also to change into a 
cube liquid and dry measures, such as a bushel or a medimnus, and 
by means of its side measure the capacity of these vessels. The 
contrivance will be useful also to those who wish to enlarge instru- 
ments for throwing bolts or stones. For all the parts must be 
enlarged proportionally, thicknesses, lengths, apertures, naves (?), and 
inserted cords, if the discharge is to be proportionally increased. 
Now, these things cannot be performed without finding the means. 
The demonstration and the construction of the said instrument I 
have explained to you below. 

Figures 13, 14. 

Let AE, DH be the two given unequal straight lines between which 
it is required to find two mean proportionals in continued proportion. 

On any straight line EH let AE be placed perpendicularly, and 
on EH let three consecutive [equal] parallelograms be constructed 
AF, FI, IH, and in them let there be drawn the diagonals AF, LG, 
IH which will therefore be parallel. Let the middle parallelogram 
FI remain fixed, but let the parallelogram AF be pushed above the 
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middle one, and IH below it, as in the second diagram [fig. 14] till 
the points A, B, 0, D are in the same straight line. Through the 
points A, B, 0, T) let a straight line be drawn, and let it meet EH 
produced at K. 

Then from the parallels AE, FB, 

AK:KB=EK:KE; 
and from the parallels AF, BG, 

AK:KB = FK:KG; 
therefore AK : KB = EK : KF = KF : KG. 

Again from the parallels BE, CG, 

BK:KC = FK:KG; 
and from the parallels BG, OH, 

BK:KC = GK:KH; 
therefore BK : KO = FK : KG = GK : KH. 

But FK:KG = EK:KF; 

therefore EK : KF = FK : KG = GK : KH. 

Now EK : KF = AE : BE, 

FK:KG = BF : CG, 
and GK:KH = CG:DH; 

therefore AE : BF = BE : CG = CG : DH. 

Hence between AE, DH two means BF, CG have been found. 

These things then have been demonstrated on geometrical surfaces. 
But in order that we may be able to find the two means instrument- 
ally, let there be constructed a rectangular frame' of wood, ivory, or 
bronze, having three equal tablets as thin as possible, of which the 
middle one is fixed, but the two others can be moved along in grooves 
of such a size and fit as anybody may please ; for what relates to the 
demonstration will be carried out in the same way. But in order 
that the lines may be found more accurately, care must be taken in 
moving the tablets that all [corresponding] lines may remain parallel, 
and the parts fit each other smoothly and without gaps. Now, in 
the votive offering the instrument is of bronze, and is fastened with 
lead just under the crown of the slab ; under it is the demonstration 
concisely worded and the diagram, and finally the epigram. Let me 
therefore transcribe these things for you, that you may have them 
exactly as they are on the votive offering. Of the two diagrams, 
only the second has been drawn on the slab. 

Between two given straight lines to find two mean proportionals 
in continued proportion. 
Let AE, DH be given. 
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In the instniment I move the tablets till the points A, B, G, D, 
are in the same straight line, as in the diagram, suppose. 

Then AK : KB = EK : KF, from the parallels AE, BF ; 

and = FK : KG, from the parallels AF, BG ; 

therefore EK : KF = KF : KG. 

Now these same are to each other as AE : BF and BF : CG. 
Similarly we shall show that , 

FB : OG = CG : DH. 
therefore AE, BF, OG, DH are proportional. 

Between the two given straight lines therefore two means have been 
found. 

But if the given lines should not be equal to AE, DH ; having 
made AE, DH proportional to them, we shall take the means 
between these [that is, AE, DH], and shall transfer them [by 
proportion] to those, and we shall have performed what was pre- 
scribed. Should it be enjoined to find several means, we shall place 
in the instrument one more tablet than the number of means to be 
found. The demonstration will be the same. 

[The epigram is here omitted.] 

Method of Nigomedes (about 180 rc), 
as given in his treatise on conchoidal lines. 

Figure 15. 

Let CD, DA perpendicular to each other be the two given straight 
lines between which it is required to find two means continually pro- 
portional. 

Complete the parallelogram* ABCD, and bisect the sides AB, BC 
at tbe points L, E. 

Having joined LD produce it and let it meet CB produced at G ; 
draw EF perpendicular to BC, and make CF equal to AL. 
Join FG, and make CH parallel to it ; 

and since an angle is contained by KC, OH, from F let there be 
drawn FHK, making HK equal to AL or CF (which has been shown 
to be possible by the conchoid). 

Having joined KD produce it and let it meet BA produced at M : 
then CD:KC = KC:MA = MA :AD. 



* The psbrskUelogram is lettered ABCL in Entooius, ABCD in Pappus. 
The Greek letters for D and L are easily oonfoonded. 
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Since BC is bisected at E and KC is added to it, 
therefore BK • KC + CE» = EK«. 

Add EF to both sides ; 



then 

therefore 

And since 

and 

therefore 

Now 

therefore 

But 

GF, CH ; 

therefore 

Now 

therefore 

And 

and 

of which 



BKKC + CE2 + EF« = KE2 + EF*; 
BK-KC+ CF» = KF^ . 

MA: AB = MD:DK, 

MD:DK=BC : CK ; 

MA: AB = BC :CK. 
AL = JAB, and CG = 2BC ; 

MA:AL = GC : CK. 

GC : CK = FH : HK, on account of the parallels 



ML : LA = FK : KH, by composition. 
AL = HK, since AL = OF ; 
ML = FK, and therefore ML« = FKl 
BM•MA+LA« = ML^ 
BK•KC + CF = FK^ 
AL2 = CF, for AL = CF; 
therefore the remainder BM • MA = the remainder BK • KC ; 
and therefore MB : BK = KC : AM . 
But BM:BK = CD:CK; 

therefore CD : CK = CK : AM . 

And DC : CK = MA: AD ; 

therefore DC : CK = CK : AM = AM : AD. 



Notes on Euclid I., 47. 
By William Harvey, B. A. 

ABC is a triangle, right-angled at A, and X, Y, Z are the centres 
of the squares described on the sides opposite the angles A, B, C ; 
XD, XM, XN are respectively perpendicular to BC, CA, AB ; MY, 
DY are joined, and DY meets AC at E ; NZ, DZ are joined, and 
DZ meets AB at F. 

In fig. 16 the squares are drawn outwardly, and the points X, Y, Z 
are on the sides of BC, CA, AB remote from the opposite angles 
A, B, C. 

In fig. 17 the squares are drawn inwardly, and the points X, Y, Z 
are on the same sides of BC, CA, AB as the opposite angles A, B, C. 
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The properties deper ding on the points X, Y, Z are analogous in 
these two cases. 

Properties. 

(1) D is the middle point of BC, and XD = JBC. 

• 

(2) YD is parallel to AB, and 

= J(CA+AB) (fig. 16.) 

= i(CA-AB). (iig 17.) 

For YD joins the middle points of two sides of a triangle, and 
is, therefore, parallel to the third side and equal to half of it. 
ZD is [tarallel to AC, and 

= J(CA + AB). (fig. 16.) 

= i(CA~AB). (%17.) 
For the above proof applies equally to YD and ZD. 

(3) Hence YD = ZD, and the angle ZDY = a right angle. 

(4) E and F are the middle points of CA, AB respectively. 

(5) The figure AMXN is a square, whose side 

= i(CA + AB). (fig. 16.) 

= i(CA-AB). (%17.) 

This follows from the congruency of the triangles CMX, BNX.* 

(6) DY is equal and parallel to XM, and DXMY is a parallelo- 
gram, whose perimeter 

= J(CA + AB + BC). (fig. 1 6. ) 

= |(CA-AB + BC). (fig. 17.) 

This follows from (2) and (5). 

Hence YM = XD = |bC. 



* My attention was drawn, after the present paper was in proof, to an 
anticipation of the above property in the Educatiovql Tivies, for August 1879, 
(Vol. 32, p. 241), where the mathematical editor, Mr J. C. Miller, proposes 
and solves the following proposition : 

A square is constructed on the hypotenuse of a right-angled triangle ; prove 
that the distance of the middle of this square from each of the sides that con- 
tain the right angle of the triangle is equal to half the difference, or to half the 
sum, of these sides, according as the triangle and the square are on the same 
or on opposite sides of the hypotenuse. 
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DZ is equal and parallel to XN, and DXNZ is a parallelogram 
whose perimeter is equal to that above, and 

ZN = XD = ^BC. 

(7) ZN is equal and parallel to YM, and ZNMY is a parallelo- 
gram. 

Therefore ZY = NM. 

(8) The points D and A are similarly situated on MN and ZY, 
and the triangles AMN, DZY are congruent. 

For AM is equal and parallel to DZ, by (3) and (5) ; therefore DM 
is equal and parallel to ZA. 

Similarly DN is equal and parallel to YA. 
Hence D lies on the line MN. 

(9) AX bisects the angle BAG. (fig. 16.) 
AX bisects the supplement of the angle BAG. (tig. 17.) 

(10) AX is equal and perpendicular to YZ, 
BY is equa} and perpendicular to ZX, 
CZ is equal and perpendicular to XY. 

For AX = MN = ZY; 

and AX bisects the angle BAG or the supplement of angle BAG, 

by (5) and (7), 

while ZY bisects the supplement of angle BAG or the angle BAG ; 

therefore AX is perpendicular to ZY. 

Again, from the congruency of the triangles BZY, ZAX, it 
follows that BY is equal to ZX ; and since one of the sides ZY of the 
first triangle is perpendicular to the corresponding side AX of the 
second, each side of the first is perpendicular to the corresponding 
side of the second ; and therefore BY i9 perpendicular to ZX. 

The same is true, by parity of conditions, for CZ and XY. 

(11) AX, BY, CZ are respectively perpendicular to the sides of 
the triangle XYZ ; therefore they meet in a point O which is the 
orthocentre of the triangle XYZ. 

This follows from (10). 

(12) The area of the triangle XYZ is equal to that of the square 
AMXN. 



20 

For the triangle XYZ is on the same base YZ as the triangle DYZ, 
and the altitude of the former is twice that of the latter, since XM 
is equal and parallel to DY. Therefore the area of XYZ is twice 
that of DYZ, and DYZ is equal to AMN, by (8), which is half the 
square AMXN. Hence the triangle XYZ is equal to the square 
AMXN. 

(13) ABCX -f A ABC - square AMXN. (fig. 16) 

ABCX - A ABC = square AMXN. (fig. 17.) 

This follows from the congruency of the triangles BNX, OMX.* 

(U) AAYO + AAZB + AABO = square AMXN. (fig. 16.) 

A A YO + AAZB - AABO = square AMXN. (fig. 1 7. ) 

For in the first case the sum of the areas is equal to the quadrilateral 

BOYZ, which, since D is the middle point of BC, is equal to twice 

the triangle DYZ, that is, to the square AMXN. 

In the second case, the expression on the left side is equal to 
ABOY - ABZY, and ABCY = AOYZ, since BZ is parallel to CY. 
And since D is the middle point of BC, and B and are on opposite 
sides of the base ZY 

ACYZ - ABYZ = 2 ADYZ = square AMXN. 

(15) In either case we prove by (13) ajad (14) that 

ABCX = AABZ + A AC Y 
which gives the result of the 47th proposition. 

(16) There are eight varieties of Euclid's figure which result 
from placing the squares in different positions with respect to the 
sides of the triangle. In the two we have considered the properties 
of the points X, Y, Z are the most interesting, and are strictly 
analogous. The properties furnished by the remaining cases are, 
with a few exceptions, not analogous to the above, but are of some 
intelrest in themselves. 



* From this we get a geometrical proof of the result A = «(« — a) = (« - &)(« - c) 
for the area of a right-angled triangle. 

For, with the usual notation, the resalt of (13) becomes 

A+ia«-i(6+c)« (fig. 16). 

-A+Ja«=i(6-c)« (fig. 17). 

which give the two expressions for the area. 
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On Physical Science in Schools. 
By A. J. G. Barclay, M.A. 

[Abstract,] 
Now that more science has become the popular educational cry, 
there is a danger of raising too great expectations of what physieal 
science can do, and so of paving the way for a reaction aeainst it when 
it is found not to yield the results unduly expected of it This arises 
mainly from basing the claims of physical science to a school place 
upon an exaggerated estimate of the value of the knctrSedye imparted, 
and from not admitting it as an educative agent capable of filling a 
unique place in the educational course. On account of the pc^mlar 
belief in the ultimate practical, or bread-and-bntSier ra^ne of 
science teaching, it has been introduced in many cases as an ainac- 
tion in a school prospectus without adequate means being prorided 
for efficiently carrying it on. In such cases it often taJt'it ibe form 
of the popular lecture illustrated by experimcsoxs -aiik^ rvsTMires no 
great mental application on the pupil's part, grres km amusement, 
and relieves him for the time from some of his drr gmzjt routine, but 
which fills him at the same time with a fslse az^ zii5d>i«^'oiis notion 
of what science is. It is of great imp(H-tanoEr lia: zb^ inie place and 
aim of physical science in schools shonld be •ckarly recognised, not 
merely by scientific men and educauomssz. vc ajso bj the intelligent 
general public, for it is only when sDch remc^iaoQ is general that the 
means of equipping and maintaining aaeaob waA will be forthcoming. 

The Science and Art Depaitntenx bv aKana of ita grants in aid 
has done a great deal to introdooe and czsend science teaching, and 
School Boards find the temptaliaa of eannng gnwta so strong that 
they readily equip their common sdKKls with the needful apparatus 
and siafi* for this work, while iher kmTe their secondary schools most 
scantily provided in both theae re^<Mta, the science work usually 
being thrown on the shouldets off the already well-loaded mathemati- 
cal masters. While we all acknowledge the evils of any teaching 
undertaken for examination purposes or for earning grants, yet such 
science teaching has done good, and thoagb not the best, it is better 
to have it than to hare no science instmction at all. 

Whenever science teaching is lifted out of the degrading position 
of being a mere attraction in a school prospectus, and is acknowledged 
as an important factor in true education with a special bearing on 
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the problems of life, then will due provision be made for it in suitable 
rooms properly furnished and supplied with apparatus. Teachers 
will be engaged with special reference to this work, and proper time 
will be allowed them for preparation, with qualified assistance where 
needed. Then also, and this is of considerable importance, the pro- 
gress of the pupils in this department will be duly recognised, and 
take a place in the honours of the school. 

"When scientific physics have as recognised a place in public 
instruction as Latin and Greek they will be as well taught." (M. 
Arnold). 

The first physical science subject requiring a lift out of its present 
position is physical geography or, more generally, physiography. This 
subject, the first branch of physical science the pupil is introduced 
to, is commonly left to the English teacher to be taken up or not as 
he can find time for it amid the multiplicity of things he has to teach, 
and in that case receives very inadequate treatment. It ought, 
instead of being hustled in among a crowd of other claimants on the 
teacher's time, to be specially provided for in the time-table under a 
science master, and furnished, with suitable appliances, especially 
physical maps and diagrams, the best procurable. 

Chemistry is taught usually both theoretically and practically, 
and physics theoretically only. Practical physics is either not 
attempted at all, or as a rule not well done. Physical laboratory 
work is looked upon as unsuitable, taking the form of " qualitative 
experiments only leading to play," or of " measurements involving 
the use of costly instruments and taking too long time." In an ex- 
cellent book on practical physics, by A M. Worthington, it is shown 
how without any very costly instruments or furnishings a most 
interesting and useful course of experiments can be given to classes 
of even young boys. It accustoms them to the use of their hands, 
and to take observations with common instruments, giving them a 
training in exact methods of the highest value. It is a kind of 
training most suitable for boys, a training which, when left to a later 
period, disgusts many students of University physical laboratories, 
who cannot be entrusted with higher work for the want of such a 
preliminary training. The extension of such classes is greatly to be 
desired for the sake of pupils who may be looking forward to any 
kind of physical work, and for the sake of relieving the University 
laboratories of a great amount of the elementary work which is their 
reproach. 
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Second Meeting, December II th, 1885. 



Dr Fkrguson, F.R.S.E., President, in the Chair. 



On certain Integrals. 
By Professor Tait. 

This paper was based mainly on the results of an investigation 
which will appear in full in the Transactions of the Royal Society of 
Edinburgh. Incidentally, however, it led to a discussion of the 
question : — Find the law of density of a planet^s atmospherCy suppos- 
ing BoyWs law to be true for all pressures, and the temperature to be 
uniform throughout 

Boyle's law gives p = kp, where p is the density at distance r from 
the planet's centre. 

The Hydrostatic condition is -^ = - pR, where R is the attrac 

dr 

tion on unit of mass. 

M + iin^pdr 

Hence k-^ = - p ^^-^ , where r^ is the radius, and M 

dr r* 

the mass of the planet. 
Write this as 

^^l?= -M- r iirr'pdr 
p dr J ro 

and differentiate ; and we obtain the curious equation 

d ir^ dp\^ _47r J ,-. 

dr\ p drf • k 

A special value of p (corresponding to the absence of a nucleus) is 

/)= + 



27rr^' 
but this cannot be generalised. 

The finding of the integral of (1) in a form convergent for all 
values of r greater than r^, presents novel and grave difficulties ; but, 
it is clear from the physical question on which the whole is based 
that such a solution exists. 
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If we change the independent variable to s, where r» = l, (1) 
l^ecomes 



dif' >fc **' 



or, if log/) = w, -^^e, 



This seems to be the simplest form into which the equation can be 
transformed. 



To transform a rectangle into a square. 

By W. Peddib. 

Let I be the length of the rectangle and b its breadth, while s is 
the side of the square equal to it in area ; s is found, of course, by 
taking 1:8 = 8 :b, A number of different cases arise. 

I. 28<l + b. Fig. 18 represents the method of cutting the rect- 
angle in this case. AC is the rectangle and AF the equal square. 
Make HM = BO, QF = MC, NB = QM. The proof is evident. 

II. 2« = ^ + 6. In this case EB = QF, BO = DQ, . •. EC is similar 
and equal to GQ. 

I II. 28>l-¥b. Three cases arise. 

a. 28 > I. This includes method I., and the method shown in 

Fig. 19. 
p. 28 = 1 ThenAQ = EO. 
y, 2«<^. 
Let l={k-\'6)if^ where k is an integer and a proper frac- 
tion. If we cut off portions of the rectangle of length s, the above 

method applies directly if 2^«-«^« i.e., if 0'^\, Again if 0<% = — 

P 
where p is an integer, the solution is easy. If |? is an improper 

fraction consistent with the condition ^< J, the simplest method is to 
cut up the rectangle into an equal number of parts, so as to form a 
rectangle of suitable breadth. In some of these cases the transforma- 
tion is produced by simple sliding of the various parts parallel to 
themselves. In others the parts have to be rotated through a right 
angle. 

Another solution of the problem is given in Dr Charles Hutton's 
Recreations in Mathematics and Natural Philosophy, 
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The Theory of Contours, 
and its Applications in Physical Science. 

By W. Peddib. 

PART I. 

1. The word contour is largely used in ordinary language, but its 
meaning, when so used, is in general very different from its meaning 
as a scientific term. We speak of the contov/r of a hill, a cloud, a 
country, and so on ; meaning usually a profile or an outline^ — some- 
times a particular outline only. Yet, even in this popular use of the 
word, we have an indication of its more exact significance. Thus, 
we see that the visible horizon, if we consider it to be a contour line, 
is the curve in which the earth's surface is met by its tangent-cone 
the vertex of which is at the observer's eye. The tangent-surface has a 
constant characteristic; and it is this possession of a distinctive 
property by all surfaces which give rise to contour lines, which furnishes 
the reason for the pecuUar applicabihty of the method of contours to 
physical problems. 

2. The word is used in a more special sense by ordnance surveyors. 
In their terminology a contour line is a line drawn on a map of a 
country through points which are at a constant height above mean 
sea-level. Here again we have a quantity which is constant all along 
the line, and also all over the surface which gives rise to the line by 
its intersection with the earth. This is a hvel surface, or surface of 
equilibrium. It is approximately true that the special characteristic 
iia constant height above sea-level, so long as the area considered is so 
small that gravity has sensibly the same value all over it. Because 
of the variation of gravity from point to point of the earth's surface, 
and because of the earth's rotation, 4&c., it is not true that the 
mutual distance of two level surfaces is of uniform value. What is 
really constant is the kinetic energy acquired by a body in falling 
from the upper level to the lower by any path. 

So, in extension of the third order, a contour may be the inter- 
section of a surface by a surface over which some quantity is con- 
stant. 

3. This idea may be extended to objects of other dimensions than 
the second, and extension of other order than the third. We may 
state generally that the contour of cm object of n dimensions^ existing 
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in exUnaion of the (n + 1 )^ order, is the intersection of it with an 
object of n dimensionB at every point of which eome quantity is constant. 
It is, therefore, oi (n-l) dimensions. But, since in extension of the 
{n + iy^ order, we have objects of all positive dimensions up the 
(r» + l)*** inclusive; in such extension, we may have contours of all 
positive dimensions up to the n^ inclusive. The contours of a curve 
are points; of a surface, curves; of a solid, surfaces; of a four- 
dimensional object, solids ; and so on. Hence, in ordinary extension we 
may have point, curve, and surface, contours. 

4. Since space is of three dimensions, a point in space may have 
three degrees of translational freedom, — it may be free to move in 
any three mutually perpendicular directions successively or simul- 
taneously. We are said to introduce a degree of constraint when, 
we take away one of these degrees of freedom. If we prevent the 
exercise of one kind of freedom, unless a second is simultaneously 
exercised, we introduce a degree of constraint in the most general 
way possible. The moving point is then forced to remain on some 
definite surface, and the nature of the constraint is best shown by 
writing down the equation to the surface, the most general being of 
the form f{x, y, z) = 0. If another such constraint be imposed, the 
moving point must remain in positions common to both the corres- 
ponding surfaces. Hence, it must move in a definite curve. Three 
such equations determine the position of a point. They may 
degenerate into ^(a;) = 0, fi{y) — 0, f(z) = 0, where fi(x) is some 
function of x of the first degree, &c, ; that is to say, the position of 
the point is determined by the intersection of three planes parallel to 
the co-ordinate planes. 

5. A curve being of one dimension, its contours are points, — the 
points of intersection of it with curves along each of which some 
quantity is constant, although it differs in magnitude from one curve 
to another. These points may be projected upon any line in the 
plane {x, y). 

We shall consider first a plane curve, and let its plane be taken 
as that of (a;, y). We have the equations ^(a;, y) = and fi{z) = 0, 
where the suffix denotes the degree of the equation. Instead of the 
second equation, we may put 5 = 0, as this simply makes the 
plane of the curve that of (.r, y). The equations to the curves, 
along which some quantity, say c, is constant, may be written in the 
general form 4*J^x, y, c) — 0. In the different curves of the system, c 
has different values. As a particular example, the curves might be 
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circles of different radii. Again, the equation might be <^i(y, c) = 0. 
This represents a series of lines parallel to the axis of x. It 
furnishes the simplest case for consideration, and, at the same time, 
the most useful. 

From the reference already made (§ 2) to contour maps, it is 
evident that the mutual variation of three quantities can be repre- 
sented upon a plane surface by means of lines. So, in the case 
considered, the mutual variation of two quantities can be represented 
upon a right line. The curve in fig. 20 is intersected by lines 
parallel to the axis of (c, and the points of intersection are projected 
upon the axis, and designated by numbers giving the various values 
of y corresponding to the values of a;. If the curve be continuous 
a mctximum or minunum value of y exists between two equal values. 
It is a maximum if, as x increases from its least value corresponding 
to the given value of y^ y first increases and then diminishes. It is a 
minimum if y first diminishes and then increases. The steepness of slope 
is shown by the closeness of the contours for equal increments of y, and 
its direction is shown by the order in which the values of y occur as 
regards numerical magnitude when x increases. Similarly, the exist- 
ence of a maximum-minimum value is indicated, and so on. 

The contours of a closed oval and of a figure-of-eight curve, are 
shown in figs. 21 and 23. 

6. Hitherto we have considered only plane curves. In the case 
of tortuous curves, it will be most convenient to obtain the contours 
by cutting the curve by surfaces over which some quantity is con- 
stant. As a particular case, these surfaces may be planes perpendi- 
cular to the s-axis, the equations to which may be written in the 
general formyi(«, c) = 0. Obviously, the position of a moving point 
in space is representable by a tortuous curve. Its position at any 
time can be got from the curve, if the value of the time in terms any 
one of the co-ordinates, say z is known, for we should then only 
have to cut the curve by the plane iyn(», t) = 0, where t represents the 
time, and i^ is a functional symbol showing that the equation is of 
the first degree in z but may be of any degree in t. This condition 
is rendered necessary by the fact that the point must be in one 
definite position at a given time, but may occupy the same position 
at different times. If we consider a number of such curves traced 
out in space by moving material points, we can, by cutting the curves 
by planes corresponding to a definite time and projecting the points 
so got upon any co-ordinate plane, obtain the dictgram of configuration 



of the toateml system at that time. It ia endent that, in general, 
the plane correqiondiiig to a definite time will be different for each 
curve. The disadvantage so entailed may be got rid of by using 
trilinear co-ordinates to indicate the position of the point vhen the 
lime is giren. If the curve be cut by any plane, the distaaces of the 
point of intersection from three intersecting lines in that plane give 
the X, y, and z co-ordinates at an instant. This instant may be 
det^inined by the distance of the plane &om a given fixed plane 
parallel to it. The carves, which are now taken to represent tlie 
poaiti<ms of the points, are not the actual corves traced ont by Uie 
points in their motion through space. But the diagram of configura- 
tion obtained from them has the advantage of showing at once the 
relative values of all the co-ordinates of all the points, whereas, in 
the Cartesian system this could not be done without projecting on all 
three co-ordinate planes. The triangles of reference will be umilar 
whatever be the plane by which the curves are cut, but they will not 
necessarily be of the same magnitude. The simitsjity is necessary in 
order to give the proper ratios of the co-ordinates, the different magni- 
tude is necessary in order to give the proper values of the co-ordinates. 
Fig. 22 shows the contours of curves a, b, by planes corresponding to 
times tj, tf. 

By the aid of this diagram, the diagram of total diaplatementt in 
a given time may be constructed. And by taking the displacements 

in -ih of tiHe unit of time and mi^nifying them n times, the tHayram 

of velociiie* can be got. Similarly, the diagrams of aerxhratian, furcesy 
and so on, may be represented as the contours of curves. The curves, 
from which the diagrams of velocities, &c., are obtained, are, of 
course, different from the original curves representing the position of 
the moving points. In the case of velocities, for example, they are 
the hodographs of the original curves on this trilinear system of 
reference. 
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Two Mechanical Integrators or Planimeters. 
By A. Y. Fbaskr, M.A., F.RS.E. 

The Measurement of Areas. 

For the measurement of a plane area, bounded by an irregular 
curve, various methods are adopted. Besides the well-known 
methods of approximation in use among land measurers, the following 
niay be mentioned — 

The area is divided by parallel ordinates. These are measured, 
and the results are then treated in several ways to produce more or 
less accurate results. See Williamson's Integral Calculus^ third 
edition, p. 211. 

The area may be drawn on paper ruled in small squares (" plotting 
paper "), or a sheet of glass ruled in squares is placed over the area. 
The complete squares included are counted, and the incomplete 
squares estimated. 

The area is drawn on cardboard or sheet metal, cut out, and then 
weighed. The weight of a known area is then ascertained, and the 
required result got. This method gives very good results. A varia- 
tion of the same method is to cover the area with small shot, which 
is weighed or counted. 

A planimeter or mechanical integrator may be used. Here a 
pointer has merely to be taken round the boundary, and the instru- 
ment records the area traced out. Many planimeters have been 
invented ; but for all practical purposes, the beautiful little instru- 
ment invented by Prof. Amsler thirty years ago, holds its own 
against all comers. 

Planimeters. 
The problem, in general, attempted by planimeters, will be under- 
stood by a reference to figure 24. While the tracing point of the 
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iastrument moves over any arc aa\ an index records the area aaW. 
Suppose, now, the pointer starts at A, the extreme right of the figure, 
and passes round ABO to ; the area recorded will be ABCEF. 
Suppose, again, that in bringing the pointer round CD A it is arranged 
that the reading given by the index is subtracted from, and not 
added to, the former reading (and the instrument can easily be made 
to effect this), then the area recorded, when the pointer has returned 
to A, will be ABCEF - CDAFE, that is the area ABCD. 

This in fact is the mechanical integration of ydx between the 

limits X = OF and x = OR 

It is a matter of indifference where the commencement with the 
tracing point is made, so long as the point is stopped at the same 
place. 

For a full discussion of the problem to be solved by the inventor 
of a planimeter, the reader may be referred to the papers of John 
Sang* and Clerk Maxwell,* and, especially to the full account of the 
whole matter by Professor Shaw.f Clerk Maxwell points out the 
division of planimeters into two kinds — (1) Those that involve 
slipping in some of their parts ; (2) Those that involve rolling only. 
He enforces the objection to the former class (errors on account of 
friction), and gives a design for an instrument of the second kind — a 
design which, so far as T know, never came to anything practically. 

Of the two instruments to be described here, the first may be 
taken to belong to the first class, that is, it involves rolling and 
slipping in its movements, while the second belongs to the second or 
purely rolling class. While it is not for a moment supposed that 
these can compete as practical instruments with Amsler's, they are 
brought forward because they are of an entirely new design, and both 
are of considerable mathematical interest. 

The Single Roller Planimeter. 

The essential portion of this instrument is a tapering roller or 
spindle {i^g, 25) mounted to turn on an axis, and made to turn by 
placing the paper, on which the area is traced, on the surface of the 
roller, pressing the paper against the surface with a pencil or other 

* Transactions of the Eoyal Scottish Society of Arts, Vol. IV. , p. 119; p. 420. 

t Jonmal of the Institnte of Civil Engineers, Vol. Ixxxii., 1884-85, Part 
rV., pp. 75-164; on ''Mechanical Integrators." 



31 

pointed object, and pulling or pushing the paper in a direction at 
right angles to the axis of the roller, and tangentially to the surface. 

The more easily to understand this motion, the reader may place 
on a table in front of him a tumbler on its side with its bottom 
towards him, lay a sheet of paper over the tumbler and press it 
gently down on the tumbler with, say, a finger nail of the right hand. 
Then on pulling the paper away to the left with the left hand, the 
tumbler will roll along the table. If the tumbler could be mounted 
to rotate in the same way, about an axis passing longitudinally 
through it, the resemblance would be complete. 

The dimensions of the spindle, of which a section is shown in 
fig. 25, as actually constructed are : Length GH, measured along the 
surface, 6 inches ; circumference at H, 10 inches ; at G, 2^ inches. 
The circumference at any point K is got thus : Let O be a point 2 
inches from H ; measure the distance along the surface from K to O, 
n inches say, that is, n - 2 inches from K to H, then the circumference 
at K is 20/n inches. 

The method of mounting the roller will be seen from figures 26, 
27. LT is a box of |-in. mahogany. Fig. 26 shows the box as looked 
at when about to be used ; fig. 27, the back of the box through which 
the wide end of the roller, which is graduated, is seen. The top of 
the box is covered with two slips of tin, R, S, which slide in from 
each end, and do not meet in the middle by about half an inch. The 
tins are bent to the shape of the roller, and through the middle open- 
ing of half an inch, the roller projects so as to show a strip very 
slightly above the level of the lids. A guiding strip of wood is 
fastened from V to W, so that a pencil pressed vertically down on the 
roller and against this strip of wood, will always be vertically above 
the axis of the roller. The dimensions of the box are LM 16 ins., 
LN 5 ins., QP 3^ ins., NP 7 ins. 

To find the area of any surface, we proceed as follows : — The roller 
is first turned round so that the zero point of the scale (fig. 27) may 
be under the pointer. A small mirror laid over against the box may 
be used to keep the scale always in view. Suppose the area in ^g, 
24 is to be integrated. The slip of paper on which the area is traced 
is passed along the top RS of the box, under the guide VW. The 
paper is placed so that A can be brought under the point of a pencil 
resting against the guide VW. The pencil is then put down so as to 
press the paper gently against the surface of the roller. The paper is 
pushed away to the right, the projecting ledge QY of the box, fig. 26, 



gniding the paper, the pencil all the time being slid up and down 
against the gnide YW ao as to follow the curve ABO. When the 
pencil hoB reached C, the area ABCEF has been recorded on the 
soalft The paper ib now pulled to the left, and the pencil is made to 
follow CD A, the roller meanwhile rotating backwards, and the indicator 
recording the area CDAFE in the negative sense. The indicator has 
now recorded the area ABCFE- CDAFE, that is the area ABCD ; 
the result being given in square inches, and whatever fraction of an 
inch the scale may be made to show. We shall now prove that the 
result is as stated. 

If, while the paper lies on the top of the box, a line (OF, fig. 24) 
be drawn on the paper parallel to Ayt (fig. 26), and two inches beyond 
it, that is, through the point O of figure 26, we can prove that the 
instrument, in passing over the arc aa', records the area aa'v'v. 
Suppose the lei^h of the arc aa! is «, and that it is n inches from 
OP; the area of aaW, if « be taken small, will be *» inches. To 
prove that the reading on the scale is <n. 

The roller immediately below on' (at K, say, fig. 25) is 20/n inches 
in circumference, and a inches of this circumference passes round in 
tracing the arc aa'. Now s inches is ij{20/7i) at the whole circum- 
ference at that place, that is »n/20ths, and in making this movement 
there will be ffn./20tha of a complete revolution of the roller. But in 
a whole revolution the index records 20 inches (fig. 27), therefore in 
making gn,/20thB of a revolution the record will be (<n/20) x 20 inches, 
that is an inches. And oa' is any portion of the boundary, so that 
the proof is complete.* 



* Strictly speaking, perhaps, the are aa' shoald be ooneidered as the 
hypotenDBs nf a right-angled triangla, having one side i parallel, the other t 
perpendioular to OF. The pointer would then be supposed to be token over 
f during which the roller would rotate (with (he reaall aa above), then over 
t doriug which there would be do rotation. Considered in this way the total 
area acoonuted for is lees than the area ABCD by (he sum of (he elementary 
trianglea round the carve (if we suppose the triangles always made to the in- 
side of the fijguie) ; and (he length of the path traversed by the pointer is 
greater thau the ourve ABCD by a corresponding sum ot small lengths. 
Finally, if the triangles be taken small, the limit to the areas thus oonsidered 
is (he area ABCD, and at the same time the liroit to the curve as thus traced 
is the curve ABCD ; therefore in passing round ABCD the area integrated is 
the area ABCD. 
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Of course instead of 20 as the fundamental constant for the 
roller, any other quantity might have been taken. The part of the 
curve also which is taken for the spindle may be varied, only at the 
low end it must be steep enough to show a change in the readings, and 
at the other end it must not be inconveniently steep. 

The general equation in rectangular co-ordinates to the curve 
GKH (fig. 25), can be determined from the defining property, which 
may be put as follows : — Let the arc 0K = « then the circumference 
at K is 20/«, say c/s. If y be the ordinate at K we have y = c/27r«, 
from which the equation to GKH can be found in terms of x and y. 

The general result, which I get in what for the part of the curve 
to be used is a convergent series of powers of y, is not of any interest. 
The particular equation, terms beyond a certain distance being omitted, 
from which the actual curve under discussion was traced is 

x = ±+ly^+ LI -2-2258 
y 6 c 56 c' 

wherec=10/7r = 3-183. 

The curve reduces to an equilateral hyperbola whenever the terms 

after the first can be neglected. 

Though there is slipping in this instrument in the working parts, 
that is, between the pencil and the paper, there is none where it 
would be of any consequence, namely, between the paper and the 
roller. 

The difliculty with this planimeter, beyond the difficulty of con- 
structing the roller, which can be got over well enough, is in 
co-ordinating the movements of the right and left hands so that the 
curve is accurately followed. This difficulty of avoiding small de- 
partures from the curve, led to the attempt to devise a modification 
of the instrument, where the paper should rest on a table and a pointer 
could be guided over the curve with a single motion. This attempt 
resulted in the construction of a much more interesting planimeter, 
of which a brief account will now be given. 

The Double Roller Planimeter. 
The arrangement of this instrument is shown in figure 28, which 
is an outline sketch of the prin'iipal parts. The motion is imported 
to the lower spindle by the upper spiral roller, which is pivoted 
about H and G. The axis HG is kept always in the same horizontal 
plane by means of the two supports GO, HO', running on castors, 
and the pointer P, which is rigidly attached to the frame FFF, carry- 
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ing H, O ; and HO is kept always parallel to itself and at rif;ht angles 
to the axis of the lower spindle by means ot a linkwork contrivance 
(a pair of parallelograms) not shown in the %ure. While the pointer 
P traces out the area, the spiral roller moves about, subject to the 
restrictions just mentioned, and acts as a driver of the spindle; the 
connection between the two being always one of pure rolling eotUaet. 

Inasmuch as the area to be integrated has not now to be bent 
along the surface of the roller, but lies in a horizontal plane, the 
different circumferences of the under roller are determined not now 
by distances measured along its surface, but by distances measured 
along its axis. This change being made, the numbers already given 
for the last spindle will apply here. The most interesting change is 
in the equation to the curve. For instead of y = ej2vg we have 
y = e/2)rx that is 

xy = a constant, 
and therefore the curve is an equilateral hyperbola. 

The proof that this instrument does integrate the area is so very 
little different from that already given that it may be dispensed with 

A little consideration will show that it is theoretically indifferent 
whether the spiral roller move with the pointer, the other roller 
being fixed, or the under roller move with the pointer while the 
spiral is fixed. 

The spiral roller has one peculiarity not yet touched on. In order 
to secure that when the pointer is moved back an inch say, the point 
of contact of the two rollers should also move back the same horizon- 
tal distance, it is arranged that the point of contact is in all positions 
of the rollers verticaily below the axis HO. This property makes 
the finding of the equation to the spiral a very interesting problem. 
We may conclude with the discussion of this problem. 

To FIND THE Equation to the Spiral. 

As 8 (fig. 29) moves along the line y = b, the spiral, whose centre 
is S, rolls along the hyperbola a^—c* so as to have the point of con- 
tact Q always vertically below 8. 

Let JB, y be the rectangular coordinates of Q considered as a 
point on the hyperbola, and r, 6 the polar co-ordinates of the same 
point considered as belongii^ to the spiral 

Then QN = rrf9 = (tc; 
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PN = c?r = -dy (got either from the figure directly or 
from y = i - r), 

therefore = - — (1). 

dr dy ^ ^ 

But icy = c* 

., * dx & <^ 

therefore — = -—= - 



dy y" (6 - rf 
whence substituting in (1) we get 
TdB <? 



dr (6 - ry 

therefore h^^ = c" -ri — t^ 
J jr{h- tf 

V" 6»(6-r) 6(6-r)»/ ' 
therefore 6 = e'lhogr - ilog(6 - r) + |_ | + k 



(2); 



-ja 



c*, r 



6»N— . + 6(63^ + * <3) 

4{2.30491og„j^+^4-H-A} (4); 

where 2 -3049 = logelO 

r 

x=a4. 

Equation ('3) is the general equation to the spiral ; (4) is the more 
convenient form from which to trace the curve. 

The spiral is seen to have an infinite number of windings about 
the point S, and to be asymptotic to a circle of radius b. 

In the spiral as actually constructed the constants had to be 
chosen so as to be practically convenient, and after a number of trials, 
TA (fig. 29), that is the shortest radius of the part of the spiral to be 
used, was taken equal to \b, and b is therefore | of AB, which again 
is the radius of a circle 10 inches in circumference. The equation 
actually used for tracing the spiral is 

6= l-85331og-^ + -8041 -i-+ -1107 (5) 

I - a 1-a ^ ^ 
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Going from r = 86/40 by fortieths of 6 up to r = 32ft/40, using 
equation (6), and changing from circular measure to degrees, we get 
the following values : — 



r (inches) 


B (degrees) 


LO 


r (inches) 


6 (degrees) 


A^ 


•398 


0-00 










•448 


8-74 


8-74 


r044 


107-95 


9-46 


•497 


17-11 


8-37 


1-094 


117-98 


10 03 


•647 


25-19 


, 8-08- 


1-144 


128-74 


10-76 


•697 


33^09 


7-90 


1-194 


140-21 


11-47 


•647 


40-89 


7-80 


1-243 


152-76 


• 12-66 


•696 


48-68 


7-79 


1-293 


166-52 


13-76 


•746 


56^50 


7-82 


1-343 


181-81 


15-29 


•796 


64-43 


7-93 


1-393 


198-99 


17-18 


•846 


72-52 


8-09 


1-442 


218-58 


19-59 


•895 


80-86 


8-34 


1-492 


241-28 


22-70 


•945 


89-48 


8-62 


1-542 


268-15 


26-87 


•995 


98-49 


9^01 


1-592 


300-64 


32-49 



Only one remark will be made on the above table. As r increases 
uniformly the column for A^ shows that 6 is not increasing uniformly, 
and that in fact there is a minimum value for dSjdr between r — 135/40 
and r= 156/40. It may be interesting to show that this can be de- 
duced from one of our equations. 
From (2) we have 

dS c" c" 

dr 



therefore 



r{h-rf 6V-26r» + r»' 
^^_ J* - 46r + 37-^ _ J b - 3r){b - r) 
dr" r'ib-ry " r{b-rY 



r»(6 - r)» ^^^ 

Equating (6) to zero to find maximum or minimum values for 
dO/dr we have 6-3r = 0, that is r«= J6 = 13J6/40 which accords 
with the result in the table. 
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Solution of a Problem proposed by Dr Muir. 
By R. E. Allardice, M.A. 

The problem is to show that the expression 

{(ai + 6i)*-c}{(ai + a)6i)*-c}{(ai + a)''6i/-c}{(ai + a)»6i)*-c}, 
where (o is an imaginary fourth root of unity, is symmetrical with 
respect to a, 6, and c. 

First Method, — Denote the above expression by P. Then, by 
means of the identity aj* - 1^ = (a; + y)(a; + a)i/)(a; + («>'y)(a; + (o'y), P 
may be expressed as the product of sixteen factors, namely, the 
sixteen values of a* + 0)''^ + w'ci, where r and s have successiv^ely the 
values 1, 2, 3, 4. This product i^ obviously symmetrical, and the 
symmetry is not destroyed to the eye by a re-combination of the 
factors in sets of four, the form thus obtained being 

(a + 6 + c - 2a*W - 26M - 2c*a*)(a -f 6 + c - 2a*M + 26W + 2cW) 
xla-^h + cJ^ 2ai6* - 26*c* + 2c*ai)(a + 6 + c + 2aiM + 26M - 2c*a*). 

Second Method, — Since 

(ai + Mf - c = a)"(ai + (o6i)* - c = (coW + 6i)* - c, 
P is evidently symmetrical with respect to a and h. Further, since 
the change of 6i into wfti does not alter P, P is rational in h and there- 
fore also in a. When 6 = 0,.P becomes (a - c)* which is symmetrical 
in a and c. Hence P has been proved symmetrical in a and 6, and 
symmetrical in a and c except in those terms which contain all the 
three letters. Thus 

P = 2a* + A2a»6 + B2o*6« + C(a«6c + ah^ + Da6c». 

It remains to prove C = D. 

The co-eflGicieai of c* in P is 2(ai + 6i)*(o + (oftl)* and D is equal to 
the value of this when a = 6 = 1, less twice the value when a = 1, 6 = 0, 
that is -112-2x6=- 124. 

The co-efficient of c in P is - 2:(ai + h^)\a\ + M)\a^ -f co'M)* and 
2C is equal to the value of this when a = 6= 1, less twice the value 
whena=l, 6 = 0, that is -(256-2x4)= -248 = 2D. 

Therefore = D. 
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Kmematical Theorems. 
By William Harvey, B.A. 

I. — Motion of a plane figure in its plane. 

§1. Figure 30. Let AB be any straight line in the plane figure, A'B 
the position of the same line after a displacement, the point A moving 
to A' and B to B'. Since the position of a plane figure in its plane 
is determined, when the position of a straight line rigidly attached to 
it is determined, the motion of the plane figure is determined if we 
determine the motion of the straight line AB. 

Now, it is known that the straight line AB may be brought into 
the position A'B' by a rotation about a fixed point O, in the general 
case at a finite distance. It is proved that the point O is the inter- 
section of two straight lines, one drawn through the middle point of 
A A' perpendicular to AA', and the other drawn through the middle 
point of BB perpendicular to BB'. This follows, very simply, from 
the equality of the triangles OAB and OA'B'. The point O so 
determined is unique. 

Further, the rotation about the point O is measured by the angle 
AOA' or BOB', each of these angles being equal to the angle between 
the lines AB and A'B'. 

If we define the initial and final positions of any point of the 
figure as corresponding points, so that A, A' ; B, B' are corresponding 
points, and if we take any point P on AB and the corresponding point 
P' on A'B', then the rotation about O which brings AB into the 
position A'B', will clearly bring the line AP into the position A'P'. 

§ 2. Hence, by the theorem referred to, the straight line through 
Q, the middle point of PP', perpendicular to PP', passes through O, 
and PP' subtends an angle POP' at O equal to the angle of rotation 
of the plane figure about O. And the triangles AGP and A'OP* are 
equal in every respect. These propositions hold for any pair of cor- 
responding points. 
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§ 3. We shall denote the intersection of the lines AB, A'B' by 
two letters D or C, for a reason which will be obvious immediately. 
On the straight line A'B', take A'D' equal to AD ; then D and D' 
are corresponding points. Again, on AB take AC equal to A'C ; 
then and C are corresponding points. And it is obvious that CC 
is equal to DD'. It follows that the straight line drawn through 
E, E', the middle points of CC and DD' perpendicular to these lines 
respectively, pass through O. It is further evident that the angle 
EOE' is equal to the angle of rotation, that E and E' are correspond- 
ing points, and that OD bisects the exterior angle between the lines 
AB, A'B'. 

§ 4. Again, since the angle OPD is equal to the angle OP'D, a 
circle can be described to pass through the four points O, D, P, P'. 
But if, from a point O in the circumference of a circle, perpendiculars 
be let fall on the sides of a triangle inscribed in the circle, the feet 
of these perpendiculars lie in a straight line, which is equally distant 
from O and from the orthocentre of the inscribed triangle. This line 
is called the pedal line of the triangle. Hence, the points E, £' and 
Q lie in one straight line, the pedal line of the triangle PDP'. 

Further, if we take any other pair of corresponding points on 
AB and A'B', R and R', then the middle point of RR' lies on the 
same line. Hence the locus of such points is a straight line. 

§ 5. If we regard O as the focus, and the line EE'Q as the tangent 
at the vertex of a parabola, then the line OQ is drawn from the focus, 
and meets the tangent at the vertex in Q, and PP is drawn at right 
angles to OQ, and, therefore, PP* touches this parabola. Further, if 
any other pair of corresponding points R, R' be taken on AB, A'B' 
respectively, then RR' will touch the same parabola. Hence, if 
corresponding points be taken on AB, A'B', the lines joining them 
envelope a parabola. The directrix of this parabola is the locus of 
the orthocentres of triangles, formed by the lines joining correspond- 
ing points and the lines AB, A'B'. 

When the motion is infinitesimal, this theorem becomes: If 
any plane figure is in motion in its plane, the trajectories of points 
situated, at any instant in a straight line, envelope a parabola. 

IT. — Motion of a solid body in space. 
I intend, in this division, to give two theorems for the representa- 
tion of the finite displacement of a solid body in space, and to 
illustrate the geometry of displacement by a few deductions from 
tliese theorems, analogous to those I have given in two dimensions. 
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The first of these theorems is given by ChoiileB in the Comptet 
KauliLs de I' Academie deg Sciencet for 1843 for the case of icfinitie 
siiual motion, and the proof he gives is indirect : — 

g 1, Figure 31. The theorem is as follows : —Any finite displace- 
ment of a solid body in space luay be represented, in an infinite 
number of ways, by two successive finite rotations about two axes, 
at right angles to each other, and, in general, cot intersecting. 

Since the position of a solid body is determined when the position 
of a plane rigidly attached to it is determined, the displacement of 
such a body will be determined, when that of the plane is determined. 

Let CAB be any such plane, C'A'B' the position of the same 
plane after the displacement. Let A'B' be the intersection of the 
two positions of the plane, and let AB be the line in the plane CAB 
corresponding to A'B' in C'A'B', so that A, A' ; B, B' are correspond- 
ing points. It is clear, if we except the case of motion in a plane, 
that the only points whiph remain in the plane after the displacement, 
and whose displacements are entirely in the plane, are the points in the 
line A'B'. Now AB is the initial position of A'B', and, from what has 
been proved of motion in a plane, it is clear that AB may be brought 
into the position A'B' by a finite rotation about an axis perpendicular 
to the plane CAB, and, therefore, to the line A'B'. By this rotation, 
a line AB of the solid body in its initial position, is brought into 
co-incidence with a line A'B' in its final position, and it is evident 
that the displacement may be completed by a simple rotation about 
A'B' regarded as a fixed line. Hence any solid body may be brought 
from one position in space to another by two rotations, al>out two axes 
at tight angles to one another. Such rotations are called conjugate 
rotations, and the axes conjugate rectangular axes. The order of the 
rotations is evidently important, and there will be a pair of such axes 
correspoading to every plane in the body. 

g 2. Figure 32. When the motion is represented by two rotations 
as above, there is a point on each axis whose motion is entirely along 
that axis. 

Let A'B', CD' be the axes, A'X the shortest distance between 
them, and let CD' be the axis perpendicular to the base plane, and 
A'B' the axis in it 

At the point A' in the straight line A'X, make the angles XA'S, 
XA'S' on opposite sides of A'X, in the plane A'XD', each equal to 
the semi-angle of rotation about A'B', and let S, S' lie on CD'. By 
the rotation about CD', the position of S is unaltered, and by the 
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subsequent rotation about A'B', S is clearly brought to S'. Hence, 
the axis C D' joins the corresponding points S, S'. Again, if we take 
T, T' on A'B' obtained in a similar way, then by the rotation about 
C'D\ T is brought to T', and the subsequent rotation about A'B' will 
not effect its position. Hence, the axis A'B' joins the corresponding 
points T, T'. 

From this, it follows that every line joining two corresponding 
points is one of a pair of conjugate rectangular axes. 

§ 3. Figure 32. The line joining any two corresponding points, 
is also the intersection of two corresponding planes. 

Let CD' be a line joining two corresponding points S and S', and 
let CD be the initial position of CD'. Then CD evidently cuts 
CD' in the point S, and, therefore, CD and CD' are in the same 
plane, and therefore, as above, CD may be brought to the position 
CD' by a finite rotation about an axis perpendicular to this plane. 
(It is to be observed that this axis is not A'B'). Hence the whole 
displacement of the body may, as before, be accomplished by a rota- 
tion about the axis perpendicular to the plane containing CD and 
CD', followed by a rotation about CD' regarded as a fixed line. 
Hence CD' is the intersection of two corresponding planes. And 
we have seen that A'B' is also the intersection of two corresponding 
planes, and, hence the proposition follows whether the axis considered 
is that round which the first or second rotation takes place. That is 
to say, the lines joining S, S' and T, T' are the intersections of corres- 
ponding planes, and the same is true for every line joining corres- 
ponding points. 

§ 4. If we consider any ^wo positions of a solid body and join the 
corresponding points, the lines which lie in one and the same plane 
envelope a paiabola. 

As usual, let us represent the motion by a rotation about an axis 
perpendicular to the plane, followed by a rotation about an axis in 
the plane. 

Let CD and A'B' be these axes, and let AB be the initial position 
of A'B', then we have shown that the only points whose displacements 
are entirely in the plane, are the points lying in the line AB. And 
hence from the last theorem on motion in two dimensions we see 
that the lines joining the different points of AB to the corresponding 
points of A'B' envelope a parabola. 

This theorem may also be stated as follows : — The lines of inter- 
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section of corresponding planes which lie in one and the same plane, 
envelope a parabola. 

§ 5. Figures 33, 34. If we consider any two positions of a solid 
body and join the corresponding points, the lines which pass through 
one and the same point form a cone of the second order, and the 
points themselves form, on this cone, a curve of the third order. 

This theorem is given by Chasles for the case of finite as well as 
infinitesimal displacements in the Bulletin Universel des Sciences for 
1830. I have not seen his proof. It may, however, be proved in 
the same way as the preceding theorems. 

Let O be the given point, and let PP, QQ' pass through O, where 
P, P and Q, Q' are corresponding points. 

As before, the displacement may be represented by a rotation 
about a line perpendicular to the plane OPQ, by which PQ is brought 
into the position P'Q', followed by a rotation about P'Q' regarded as 
a fixed line, and the points on PQ are the only points whose displace- 
ment lies in the plane OPQ. Hence, if R be any point in the plane 
OPQ not lying in the line PQ and R' the corresponding point, RR' 
meets the plane in R, and then^.fore cannot pass though O. If R 
lies in PQ, then the corresponding point R' lies in P'Q' and PR = P'R' 
as also PQ = PQ'. Hence RR' cannot pass through O unless PQ' is 
parallel to PQ, in which case the point O would not be at a finite 
distance. Hence if any plane passes through O, it contains two 
generators PP, QQ' of the locus only, and therefore the locus is a 
cone of the second order. If the point O is at infinity, the locus 
reduces to a plane. 

The result may also be stated as follows : — The intersections of 
corresponding planes which pass through one and the same point 
form a cone of the second order. 

To prove the second part of the theorem, let OP, OQ be two 
generators of the cone, and let O' be the final position of the point O, 
then by the hypothesis 00' lies on the cone. (Fig. 34). 

Again, if we join O' to the points P, Q', (fee, the final positions of 
P, Q, &c., we clearly get a cone equal in every respect to the cone 
OPQ. In fact, the cone O'P'Q' is simply the cone OPQ moved into 
a new position by the displacement. 

Further, if O" be the initial position of a point whose final 
position is O, then 00" lies on the cone OPQ, and after the displace- 
ment 00" takes up the position O'O. Hence, O'O is the line joining 
O' to the final position of O", and, therefore, by the hypothesis lies 
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on the cone OT'Q'. Hence the generator 00' is common to the two 
cones. Therefore, the curve PQ', «fec., is the intersection of two cones 
of the second order, which have a generating line in common, and 
therefore is of the third order, since the complete intersection of the 
two cones is of the fourth. The curves PQ &c., and P'Q' &c., are 
evidently the same, whence the second part of the theorem follows. 

§ 6. The following theorem connects the two preceding. If any 
number of axes pass through a point, their respective conjugates 
lie in a plane. Let O be the given point, and let O' as before be the 
final position of O. A rotation about any axis through O will not 
affect the position of O, hence the displacement 00' is entirely due 
when rotation about the conjugate of the particular axis chosen. 
But O can be brought to O' only by a rotation about an axis lying in 
a plane bisecting 00' at right angles, because O and O' must be 
equi-distant from every point of the axis. Hence whatever axis 
through O is chosen, its conjugate must lie in this plane, which is 
therefore the locus of the conjugates. 

§ 7. We may state the three preceding results in one proposition 
as follows : — If the displacement of a body be represented by two 
conjugate rotations about axes at right angles to each other, then if any 
number of axes pass through a point they form a cone of the second 
order, while their respective conjugates lie in a plane and envelope a 
parabola. 

§ 8. Figures 35, 36. We come now to the second theorem, which 
is a more general case of the first. In the first case we may choose 
any line joining two corresponding points as an axis, its conjugate then 
lies in the plane bisecting the line joining the corresponding points at 
right angles, and is the intersection of this plane with its final position 
after the displacement. The axis in the plane is called by Chasles the 
characteristic of the plane. We see then, that in the first case the 
choice of the axes is not altogether arbitrary. 

The more general theorem is : — Any given finite displacement of a 
solid body in space may be represented by two finite rotations, one 
al)Out any given straight line and the other about another straight 
line which does not generally intersect the first. 

A demonstration of this theorem is given by Erodrigues in 
Liouville's Jourruil de Mathematiques for 1840, but it depends on the 
laws of composition of finite rotations. Mr Kouth, who also gives 
the theorem, follows Rodrigues. The following is a direct 
demonstration : — 
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Let AB be the initial, aud A'B' the final position of any straight 
line in the body^ We shall show that x the straight line may be 
brought from the position AB to the position A'B' by a rotation 
about a certain axis. 

Let A, A', B, B' be corresponding points. Through the middle 
point of AA' draw a plane perpendicular to AA', and through the 
middle point of BB' draw a plane perpendicular to BB'. These 
planes intersect in the required axis. Through AA' draw the plane 
AA'O perpendicular to the axis, and through BB' draw BB'O' 
perpendicular to the axis, and let these planes meet the axis in 
O, O' respectively. Then since O lies in the plane bisecting AA' at 
right angles, O A = O A' ; and since O lies in a plane bisecting BB' at 
right angles OB = OB' similarly 0'A = 0'A' and 0'B = 0'B', also 
AB = A'B'. Hence the six edges of the tetrahedron OABO' are 
respectively equal to the six edges of the tetrahedron OA'B'O', and 
therefore the tetrahedra are equal in every respect. Therefore the 
angles between their opposite edges are equal. Whence the angle 
between OA and O'B is equal to the angle between OA' and O'B' 
and the planes OAA', OBB' are parallel. It follows from this that 
the angle AOA' is equal to angle BOB', and that the rotation about 
00', which brings A to A', brings B to B', and therefore the straight 
line AB to A'B'. 

The axis 00' is perpendicular to a plane containing two straight 
lines parallel to AA', BB', respectively. This property is included 
in the following proof. (Fig. 36). 

Let AB, A'B', be the two positions of the line, so that AB = A'B'. 

Through A A' draw a plane parallel to BB' and let BP, B'F be 
perpendicular to this plane. Then BP = B'P'. 

Also AP = JAB'-FB^= ^A^B'«~FF^ = A'F. Therefore by a 
rotation about an axis perpendicular to the plane APA' we may bring 
A to A', P to P', and, therefore, B to B'.* 

If, then, we rotate the body about the axis so determined, the line 
AB in the initial position of the body is brought into its final posi- 
tion A'B', and the displacement may evidently be completed by a 
second rotation about A'B' regarded as a fixed line. Here we see 
one of the axes, A'B', is arbitrary, but the second is known as soon as 
the first is determined. 



This proof was suggested to me by a friend. 
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§ 9. If the straight line AB is parallel to A'B' then for one of the 
rotations we may substitute a translation, and the change of position 
is accomplished by a translation and a rotation. Again if AB and 
A'B' coincide in situation, without the corresponding points in each 
coinciding, then the change of position is accomplished by a transla- 
tion along and a rotation about the same axis. I here assume 
Chasles' celebrated results, published in 1830 in the Bulletin 
Universel dea Sciences^ viz : — If any finite displacement be given to 
a free solid body in space, there exist in the body a set of straight 
lines, which, after the displacement, are parallel to their initial 
positions, and in particular there is one straight line, and one only, 
which after the displacement remains in its original situation. All 
that need be pointed out at present is that the representation of the 
displacement of a solid body by a translation and a rotation, and the 
unique representation by a screw movement, are particular cases of 
the more general representation by two conjugate rotations. 

§ 10. If we consider any two positions of a solid body in space, the 
displacement of the different points lying in any straight line lie on 
an hyperbolic paraboloid. 

For let AB be the given line, CD its conjugate, then the displace- 
ments of every point in AB pass through two straight lines, viz., AB 
and its displaced position A'B', and, further, they are all parallel to 
a plane perpendicular to CD. Hence they lie in an hyperbolic 
paraboloid. This proposition is given in Routh's Rigid DynamicB for 
infinitesimal motions, and the proof is exactly the same for finite 
motions. 



A Proof of Lagrange's Theorem. 
By T. Hugh Miller, M.A. 

If y = z + xf(y) where x and z are independent, Lagrange's series 
gives the expansion of any function of y in terms of x. The co- 
efficients of the powers of x may be found thus. Let <f>{y) be the 
function to be expanded. Then by Taylor's theorem 
<t>{y) = <t>{z + x/(y)} 

= Hz) + xf{y)<t>'(z) + tll(yy\'r(z) + &c., (1) 
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Also 
fiy) =J{z) + xf{:y)f{z) + ^LZMl/"(«) + &c. 

Now, by substituting the value of /{y)-, [/(y)]* from the second 
series, the co-efficients of a;, o^, &c., can be found. This gives 

or .^0/) = <f>{z) + xM<t,\z) + J ^{l/(«)]V(»>)} + Ac 

The co-ef&cients become more complicated, but suppose the above 
law of formation is true up to the rC^ term, that is, 

Let <^(y) = ,^(*) + «/(«)f («)+..; + 1^!. ^,[{/(2)}-'f («)] + &c. 
Then /(y) =/(«) + x/(*)/'(.) + ... + 1^^ ^.[W«)}-/'(«)l+&c; 

and {/(y)}'= {/(*)}' + «/(>»)r{/(«)}'-y'(^)+ ... 

+ ]^ ^[{/(«)}"-V{/(«)}-y'(«;)] + &c 

Now substitute these values of /(y), {/(y)}^ etc. in the series (1), 

and find the co-efficient of . 

\n 

The (n+ 1)* term of 4>(y) gives { /(«)}"<^"(«), 

then* „ «<^"-"(«)(« -!){/(«)}"-•/'(») 

the (« - !)«■ „ «(n - 1)<^-»(«)1- ^J[/(«)]'(» - 2)[/(«)]— /(«)} 

the second „ [«^'(«) " -j^ ^,{[/(«)]"-y'(«)}- 

Therefore, the co-efficient of is 

\n 

-<^|^' ai{/c)}>--e)--£S[IM>-« 

that is — z-[{/(^)}"^'(^)]> ^y lieihnitz's theorem. Therefore since 
the law has been proved for the first three terms, it holds universally. 



Fifth Mealing, March Uth, 1886. 



W. J. Macdonald, Esq., M.A., F.R.S.E., in the Chair. 



Bifilar Suspension treated by the method of Contour Lines. 

By Harrt Kaint, M.A. 

The object of the following paper is to illustrate how readily some 
problems, which frequently occur in physical work, may be solved by 
the application of certain methods which are not very generally 
employed in mathematical investigations. The method on which the 
following proof is based is that of contour lines. These are a device 
enabling us to represent the third dimension on a plane, and are such 
that all the points on one contour line are at one and the same height 
above the level of the base plane. Probably the best known appli- 
cation of the principle of contours is to be found in the Survey Maps, 
where successive (closed) curves pass through all points at heights of 
100, 200, 300, &c., feet above the sea-level; but they are of equal 
value in many physical diagrams, where they appear as equipotential 
lines, isothermals, lines of equal illumination, lines of equal force in a 
magnetic field, as well as in many other forms. In this paper they 
are employed as representing the third dimension merely. When 
contour lines are placed so as to indicate an equal rise in the intervals 
between each successive pair [or, in fact, according to any definite 
system], we can, with their aid, tell two things about a surface ; the 
one — what is the steepness, or gradient, in any direction from a given 
point ; the other — which is the direction of steepest slope at any 
point. The absolute steepness is measured by the amount of vertical 
motion per unit of horizontal motion of a point ; t.e., by the tangent 
of the angle between the horizontal plane and the line in which the 
point moves. This is a fact with which everyone is acquainted ; 
every person knows what is meant by saying that the gradient along 
a line of railway is 1 in 50 or 1 in 500, as the case may be. To find 
the steepness at any point we merely need to know, in terms of the 
length of the line taken to represent unit steepness, the length of the 
line passing through the point in the given direction, and terminated 
by the two contours on either side of that point. The length of the 
line will then be inversely as the steepness. 
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The direction of steepest slope — the " Stream-line " — is that which 
cuts the contours at right angles. This is obvious when we consider 
that such a line is the shortest which can be drawn between two 
contours, one very close on each side of the given point and passing 
through the given point. 

We may now proceed to apply the principles indicated above, and 
first we shall consider the case of the intersection of a vertical 
cylinder with an inclined plane (fig. 37). To save employing a rather 
lengthy phrase, 1 shall call the actual line of intersection of the cylinder 
with the plane, or other figure under discussion, the " path," and 
its representation on the contour diagram the ** projected path." A 
point on the path and its projection are said to correspond. 

In a plane the contours marking equal increments of height are 
equidistant, parallel, straight lines, and therefore the direction of 
maximum steepness is the same at any point in the plane, and the 
actual Trutocirnurn steepness is the same for every point. 

Hence, in the intersection of a plane and cylinder, wherever the 
projected path, which is obviously circular, is situated, the steepest 
part will always be in the same direction, and will be that which cuts 
the contours at right angles. It will, therefore, be situated at a point 
distant from that of no steepness by one quarter of the circumference 
of the projected path. The direction of motion at that point of the 
path is that of the diameter joining the highest and lowest points 
of the path, i.e., of the shortest, and therefore the steepest line 
joining them. 

Further, the measure of the steepness of the path at any inter- 
mediate point, in terms of the steepness at the point of maximum 
gradient, will be inversely as the length of the tangent to the 
corresponding point intercepted between two contours is to the length 
of the tangent at the steepest point similarly intercepted ; or, if these 

I V V 

distances be represented by I and Z', inversely as - ; i.e., as -. But - 

V V C 

is the sine of the angle subtended at the centre by that part which 
lies between the point of no steepness and the point under considera- 
tion Hence, if we call the maximum steepness unity, the steepness 
of the path varies from point to point, starting from that of no 
steepness, as the sine of the angle through which the corresponding 
point has turned. 

The next case which may be taken as leading up to the final one is 
that of the intersection of a cylinder with a cone (fig. 38). In a cone the 



^ 
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shape o£ the contours will, of course, be changed. They now are a 
series of concentric circles whose radii increase in A. P. — the common 
centre being the point of projection of the axis of the cone. Under 
these circumstances the perpendicular distance between any one pair of 
contours is the same as that between any other, and therefore every 
point has the same value for maximum gradient. Hence , when we have 
a cylinder intersecting a cone (both axes being supposed vertical), the 
projected path is steepest at its point of orthogonal intersection with 
the contours. The position of this point depends pn the distance 
between the two axes, in terms of the cylinder radius. When the 
distance is great, the point of maximum steepness approaches that of 
the path traced by the intersecting plane and cylinder; when the 
distance is diminished, the point approaches that position of minimum 
(zero) steepness which is nearest the axis of the cone, and eventually, 
when the circumference of the cylinder cuts the axis of the cone, this 
point lies on the axis itself. 

Lastly, if we take the intersection of a cylinder and a sphere (fig. 39), 
and consider it by the same method, we note that the contours of 
a sphere are concentric circles, having the projection of the axis 
(vertical) of the sphere for their common centre ; but they are no 
longer spaced equally — they become more and more close to each 
other as they recede. In fact, since the steepness from point to point 
along the sphere varies as the tangent of the angle at the centre of 
the sphere between the axis and the line joining that point with the 
centre, the spacing of the contours varies from the centre as the 
cotangent of the same angle [6]. 

Now, it is obvious that, until the point of orthogonal intersection 
is reached, both the slope of the sphere and the curvature of the 
cylinder conspire to increase tke steepness of the path, and, thereafter, 
the increasing slope of the sphere tends still to increase the steepness, 
while the motion of the point moving round its path draws it away 
from the line of maximum steepness, — ^that perpendicular to the con- 
tours, — ^which it had at the instant of orthogonal iatersection. 

But we have already seen that the increase of steepness, due to 
the changing slope of the sphere, varies as tan 0^ and also it is easy 
to see that the steepness of the path depends on a function of the 
angle through which the point turns round the cylinder. This func- 
tion has a value equal to unity at the point of orthogonal intersec- 
tion, and to zero at the lowest point of the path. If, then, we call 
this function f{<t>)y the steepest point on the path is that at which 
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^^f{4) IS a maximum. This can be found when we know the 
relations between 6 and </>, which is the case when we know the radius 
of the sphere, the radius of the cylinder, and the distance between 
their axes. 

If the radius of the sphere be very large compared with the radius 
of the cylinder, we may consider — for all practical cases — that the 
path is formed by the intersection of the cylinder with a plane which 
is the tangent plane to the sphere at the point where the axis of the 
cylinder cuts it. 

Now, to apply these facts to bifilar suspension, we need only add 
to what we have already observed, the fact that the steeper a track is, 
the greater is the force required to drive a body of given mass up it 
against gravity. If we suppose a force tends to drive a body along 
the track of intersection of a sphere and a cylinder, or, since in all 
practical instruments the radius of the sphere is very large compared 
with that of the cylinder, the intersection of a plane and a cylinder, 
then by the length of the track over which the force was able to drive 
the body, we could measure the force* Forces of every amount &om 
zero up to that which moves the body one quarter of the way round 
the track, can thus be measured by such an instrument ; [all the 
forces less than that being, at some definite point or other, balanced 
1)y the component of gravity acting in the opposite direction doMon 
the path.] Such an instrument might be constructed by making a 
bar capable of rotating round, and sliding up and down a vertical 
rod ; while to the further end of the bar is attached a cord whose 
other end is fixed to some point above the bar, and not in line of the 
vertical rod. In this case, evidently the lower end of the cord can 
move only on the surface of a sphere, having for centre the point of 
attachment : while, at the same time, because it is there fastened to 
the bar, it must move along the surface of a cylinder, and, ther^OKe, 
it traces out the line common to both. 

The inevitable friction involved in such a form of apparatus 
would, however, render it practically useless, and, therefore, the 
following substitute is employed. A bar has a cord attached to each 
end, these cords are of the same length and are fixed at equal heights 
above the bar, t.^., in the same horizontal line. If, then, a vertical 
line be drawn through the centre of the bar, it will be the axis of 
symmetry of the system, and the bar will rotate round it and move 
up and down it as if it were a vertical rod passing through the bar. 
Hence the two ends of the bar move respectively along the lines of 
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intersection of a cylinder with two equal and simiJarly situated 
spheres, the diameter of the cylinder being the length of the bar, and 
the radius of each sphere the length of either cord. 

The proof, then, may be given concisely as follows : — The point of 
attachment of the moving bar traces out the intersection of a cylinder 
with a sphere, this — in practical cases — ^is very approximately that 
of a cylinder with an inclined plane ; the steepness in this case is as 
the sine of the angle through which the bar is turned. This is 
directly as the magnitude of the force tending to turn it. 

The ordinary trigonometrical treatment may be found in Wiede- 
mann's Galvanismus, B. II., Th. I., s. 289. 



Abstract of one of Suler's papers. 
By J. S. Mackay, M.A. 

The paper is entitled Solutio facilis problematum qtcommdam 
geometriconMn difficillinwrum, and is printed in ilTovt Commentarii 
Academiae Scientiarum Imperialis PetropoUkmctey Tom. xi., pp. 
103-123. The volume is for the year 1765; the title-page is dated 
1767. 

The investigation is concerned with a plane triangle and its four 
points the orthocentre, the centroid, the inscribed centre, and the 
circumscribed centre. 

Not to complicate a single figure with too many lines, four figures 
are exhibited. In fig. 40, AM, BN, OP are the perpendiculars from 
A, B, on the opposite sides, and E is the orthocentre. In fig. 41, 
Aa, B5, Oc are the medians from A, B, 0, and F is the centroid; 
FQ and CP are perpendicular to AB. In fig. 42, Aa, B)8, Cy are the 
bisectors of angles A, B, 0, and G is the inscribed centre ; GB is 
perpendicular to AB. In fig. 43, S, T, V are the middle points of 
AB, BC, CA, and SH, TH, VH respectively perpendicular to those 
sides meet in H the circumscribed centre ; AM, OP are perpendicular 
to BO, AB, and AH is joined. 

The sides of the triangle BO, OA, AB are denoted respectively 
by a, by c, [see the notation for triangle FGH on p. 54] and the area 
by A. 
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Orthocentre K 

By application of Euclid II. 13, and from the similar triangles 
ABM, AEP it is found that 

2c ' 8cA 

Oentroid P. 
From the similar triangles FcQ, OcF and the preceding result it 

is found that AQ = ^^ + ^'-^', QF = — . 

DC 3c 

Inscribed Centre G. 
Since R is the point of contact of the inscribed circle with AB it 
is found that AR = ^±Az^,RG= ^^ 



a + h + c 



Circumscribed Centre H. 
From the similar triangles AHS, ACM it is found that 

Hence when these four points are taken on the same figure, the 
expressions for their mutual distances will be 

EF = ( AP - AQ)» + (PE - QF)* 

EG' = (AP - AR)« + (PE - RG)» 

EH« = (AP - AS)' + (PE - SH)» 

F G« = ( AQ - ARy + (QF - RG)» 

FH» = ( AQ - AS)2 + (QF - SH)» 

GH» = (AR - AS)» + (RG - SH)». 

Now here it is particularly to be observed that those distances 

between our four points ought necessarily to be so expressed that the 

three sides of the triangle may enter equally into the expressions, 

since no precedence can be attributed to any one side over the rest 

in respect of these distances. Accordingly let 

a-\-h + c—p^ ab + ac + bc = q, abc = r; whence 
a» + 6' + c»=jt?«-2g, a'6« + aV + 6V = ^-2/?r, 
a^ + b* +c* ^p* - ip^q + 2q^ + ipr^ 

A'=A;?(-;o' + 4;?^-3r). 



i 
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Henoe, by substitution and after considerable calculation, the 
expressions for the six distances become 



lt>A^ p 

Here it is evident that EH = tEF,. and FH = JEF, and thus the 
point H is determined by the points E, F. That is, if the three points 
E, F, G form a triangle E FG, then the fourth point H will be situated 
in EF produced so that FH = |EF, and therefore EH = JEF. 
Hence is deduced 4GH* + 2EG» = 3EF + 6FG«. 
[Euler gives no hint of how he obtains this last result. It is got 
from a theorem which he afterwards {Acta Academiae Scientiarum 
Imperialia Petropolitanae, pro Anno 1780. Para Prior^ pp. 92-93) 
proved as a lemma in order to inscribe in a circle a triangle whose 
three sides pass through three given points. The theorem is Prop. 
II. of Matthew Stewart's Some General Theorems of considerable use 
in the higher parts of Matlvematics^ (Edinburgh,. 1746) and may be 
thus enunciated : — If three coUinear points A, C, B be joined to any 
point D, then DA» BC ^DB^AC -DC'AB« ABACBC] 

To give greater simplicity to these f ormulae> assume 

p \Af 

so that F, Q, R are quantities involving two dimensionar 
Thence are obtained 

P= 7P,? = 1P+2Q+ I*, r = Q^P, 
and the following expressions-: — 



EP= R - ?P + 1^Q + 

9 9^ 9R 

EG'- R - ^P+ 2Q + ^ 
4 ^ R 
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<) 1 *^o- 

Eir = _R- tF+ 4Q + r^- 



4 2 


■ U 


FG'= 4p- 


9^ 9R 


FH'=lR-;gP + 


9^ 9R 


GH«=-R-Q. 

4 





^ ccordingly since of these four points three (unless these three 
E, F, and H are taken) contain the determination of the fourth, 
there results the single problem : — 

These four points, E, F, G, H, connected with any triangle being 
given in position, to construct the triangle. (See fig. 44). 

Assume GH=/ FH=5r, and FG=A, 

whence EF = 2g, EH = 3^, EG = J^f + U^-2f\ 

and the three following equations are obtained 

4 

* 4 18 9^ 9R 

A'= Ip- iQ + g. 
36 9 9R 

From these the values of P, Q, R, and consequently of /?, g, r may 

be found. The sides of the triangle then will be the three roots of 

the cubic equation 

7?-p:i? + qz-r — 0. 

In the case when these four points are in a straight line (see fig. 
45) EG becomes ^^g — h^ and g —f— h. 

When substitution is made it appears that the cubic equation for 
determining the three sides of the triangle has two equal roots, and 
that consequently the triangle is isosceles. 

This case is easry to resolve independently, since the straight line 
in which the given points are must necessarily cut the triangle into 
two similar parts, and accordingly the triangle is isosceles. Starting 
with the assumption that 6 = a, the following values are obtained 
A = Jc^4^^^AP = AQ = AR = AS = Jc, 

PE= ^, QF = 2A R(.^ JA^ SH = ^i??Ll^). 
8 A 3c 2a + c 8 A 
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If O be the middle point of the base, P, Q, R, S coincide at O, 
and the six distances between the four points are 

2(a* - (?) c(a - c) 

OH-OE= ,-, ., OF-OG= \ At- , 

a* - c^ aid - c) 

OH-OF = . OH-OG= ^ ^ 



Here two cases are to be considered, when a>G and when a<c; 
for if a = c, the triangle is equilateral, and the four points coalesce in 
one. 

If a>c, the points will be situated as in fig. 46 where HF = JEH, 
or EF = §EH, and EG<|EH. 
In this case O falls in HE produced beyond E so that 

OE- =-. 

If a<c, the points will be situated as in fig. 47 where HF = JEH 

or EF = §EH, but EG > ^EH. 

In this case O falls in EH produced beyond H so that 

2a« - c» 
H0 = , ; whence if 2a*<c\ the point O falls between H 

2 Jia^ - c* 

and E. 



Sixth Meeting^ April Sth^ 1386. 



Dr Ferguson, F.R.S.E., President, in the Chair. 



On the Divisibility of certain Numbers. 
By J. S. Mackay, M.A. 

Of the following properties the first two are obirious ; the third 
was communicated to the Royal Society of London by the Rev. Dr 
James Booth* in 1854 ; the others, obtained many years ago, have 
not as far as I know been remarked. They seem to be more curious 
than useful. 

* See Proceedings of the Royal Society of London^ (London, L856) vol. vii. 
pp. 42.43. 
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Any number consisting: of 

1. One figure repeated is divisible by 11. 

2. Two figures n » w « l^l- 

3. Three ,, „ „ „ „ 7, 11, 13. 

4. Four „ n « t, n 73, 137. 

5. Five n ,r » « „ llr 9091. 

6. Six „ „ „ „ „ 101, 9901. 

7. Seven „ „ „ „ „ 11, 909091. 

8. Eight yy „ ry „ • „ 17, 5882353. 

9. Nine „ ,» ,^ „ ^ *?, H, 13, 19, 52579. 

The proofs of these properties are very simple. Take for example 
the third. 

The smallest number consisting of three figvres repeated is 001001, 
and all the others are multiple* of it. 
But 1001 = 7x11x13. 

Dr Booth's proof is : 

A number N of sik places may be thus written : 
N = 100000a + 100006 + 1000c + 100c£+ 10tf+/, 
which, when divided by 7, will give a quotient ^, and a remainder 
ba + ^h + 6c + 2d + 3e+/. 

Now if c? = a, e — b-y/==c, tMs remainder may be written 7(a + 6 + c), 
which is divisible by 7, whatever be the values of a, 6, e. 

Similarly for the divisors 11 and 13. 

On consulting Dr Booth's paper the other day I find that he states 
17 to be a divisor of any number consisting of eight figures repeated. 
He does not appear to have observed that the other divisor 5882353 
is a prime. 



Projective Geometry of the Sphere. 

By R. E. Allardice, M. A. 

lAbetractJ] 
If A and B be two fixed points on a great circular arc and P a 
variable point on the arc, there are two and only two possible positions 
of the point P corresponding to a given value of the ratio sinAP/sinBP, 
provided arcs measured in one direction from A or B be considered 
positive, and in the opposite direction negative ; and these two points 
are antipodal. 
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In the case of the determination of the position of a ray of a 
pencil of great circular arcs by means of the corresponding ratio, a 
complete circular arc takes the place of the two antipodal points in 
the previous case. This theorem is the polar of the last. 

Most theorems relating to transversals in plane geometry may be 
transferred to the sphere by conical projection from the centre of the 
sphere on the spherical surface. This was illustrated in the paper in 
the case of Menelaus's theorem. The same method may be applied 
to prove that the anharmonic ratio of any transversal of a pencil of 
four rays is the same ; or this may be proved more simply still by 
means of the theory of projective ranges, or directly in a manner 
analogous to that employed in plane geometry, by means of the fol- 
lowing theorem. 

If h be the perpendicular from the vertex A on the base BO of a 
spherical triangle, then sinasin/A = sin6sincsinA. 

It may be noticed that the anhaimionic ratios of a range and of 
the polar pencil are the same. 

It is obvious that such theoreuK &s that which gives the properties 
of the complete quadrilateral follow at once for the sphere. 

Application to Spbero-conics. 

A sphero-conic is the intersection of a quadric cone with a sphere 
which has its centre at the vertex of the cone. 

A complete sphero-conic consists, of two closed eurves, antipodal 
to one another, each of which may Ije considered a spherical ellipse ; 
or a great circle, drawn through the centre of each perpendicular to 
one of the axes may be considered as. dividing the complete conic into 
two spherical hyperbolas. 

The chief properties of these curves may be deduced aft once from 
the theory of proj,ectiv6 pencils. This method gives in^sujccession 

FascaVs and Brianchon's theorems ; 

The properties of the inscribed and of ^the circumscribed quadri- 
lateral ; 

The theory o£ poLe and polar by means of the complete quadri- 
lateral ; 

The properties of eonjugarte diameters (which however do not 
bisect th^ ordinates) ; 

The properties of the foci by means of the theory of involution. 

[The principal properties of sphero-conies, a number of which were 
enunciated in the paper, may be found in Ohasles's Memoir on Cones 
and Spherical Conies translated by Rev. Charles Graves.] 
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Transformation of Figures. 

Similar Figures. According to the ordinary notion of similar 
figures in plane geometry, such cannot exist on the sur&use of the 
sphere, since the area of a figure is determined by its curvature. The 
following is, however, analogous to the methed of transformatiim by 
similarity in plane geometry. 

If T be a fixed point, P a point on a given curve, Q a point such 
tan^TQ/tan|TP is constant, the locus of Q is said to be a curve 
similar to the locus of P. 

The curve similar to a circle is another circle. 

The tangents at corresponding points on two similar curves are 
equally inclined to the common radius vector.* 

The polar of the above method of transformation gives a second 
method, which is applicable in plane geometry. 

Inversion. If in the method of transformation given above the 
producttanJTQtan^TPbesubstituted forthe quotient tan|TQ/tan^TP, 
the curve sp derived may be called the inverse of the given curve. 

In Uie case of the sphere however the methods of transfonnation 
by similarity and by inversion are really not distinct. 

To the fact that in transformation by similarity or by inversion 
tacgents at corresponding points are equally inclined to the radius 
vector, corresponds in the polar methods of transformation the fact 
that corresponding tangents are equal ; and to the fact that the angle 
of intersection of two curves is unaltered in the one method of trans- 
formation, the fact that the distance between the points of contact of 
common tangents is unaltered in the second method. 

[Some of the foregoing results are given in Mulcahy's Modem 
Geometry,^ 



Statical proofs of some Geometrical Theorems. 

By John Alison, M.A. 

1. Figure 54. If ABC be a triangle, P any point, then the system 
of forces PA, PB, PC is equivalent to the system PH, PK, PL, where 
H, K, L are the middle points of BC, CA, AB. 



\ 
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For the resultant of PA, PB is 2 PL, 

of PB, PO is 2 PH, 
of PO, PA is 2 PK ; 
therefore the system PA, PB, PC is equivalent to the system PH, 
PK, PL. 

If H', K', L' he the middle points of the sides of the triangle 
HKL, then PA, PB, PO is equivalent to PH', PK', PL', If the 
bisection of the sides of the triangles be continued, the points H, K, L 
approach one another, and finally coincide at a point G, so that the 
system is equivalent to 3PG. If PN be the resultant of PA, PB, PO, 
then P, G, N are collinear, and PN = SPG. 

2. If P be at H, the middle point of BO, then the resultant of HA, 
HB, HO, since HB, HO are in equilibrium, is HA and is equal to 
3HG. Hence the three medians are concurrent at G and are divided 
at G in the ratio 1 : 2. 

Also, since HA, HB, HO is equivalent to HH, HK, HL, therefore 
HA is the resultant of HK, HL. Hence, HKAL is a parallelogram ; 
the line joining the middle points of two sides of a triangle, is parallel 
to and equal to half of the third side. 

3. When P is at S, the centre of the circumscribing circle ABO, 
then the system SA, SB, SO = SA, ST, where ST is equal to 2SH, 
the resultant of SB, SO ; and the resultant of SA, ST is SO, which 
is equal to 3SG. O is on the perpendicular from A on BO, and 
intercepts a part AG equal to 2SH. Hence the perpendiculars from 
B and also pass through O, and B0=>2SK, 00 = 2SL. 

O, the orthocentre, G, the centroid, and S, the circumscribed centre 
of any triangle are collinear, and OG = 2GS. 

S is the orthocentre of the triiuigle HKL, and G its centroid ; S', 
its circumscribed centre is found by cutting off GS' from GO equal 
to half of SG, that is, S', the centre of the nine-point circle of any 
triangle bisects the line joining its orthocentre and circumscribed 
centre. 

4. Figure 55. If A, B, 0, D be the vertices of a tetrahedron, 
then, as in § 1, it may be shown that the system of forces PA, PB, 
PO, PD is equivalent to 4PG, where G is the centre of mean position of 
the four points. Let Gj, G,, G„ G4 be the centroids of the triangles BOD, 
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CD A, DAB, ABC ; then if P be at G^, the forces PB, PC, PD are 
in equilibrium, and the resultant of the system is G^A, and ii^ equal 
to 4GiG. Hence the lines AG^, BG„ CG„ DG4 are concurrent at G, 
and are divided at G in the ratio 1 : 3. The general proposition is^ — 
If each of n points in space be joined to the centre of mean position 
of the other n-l points^ these lines shall be concurrent at the centre 
of mean position of the n points^ and shall be divided in the ratio 
l:n-l. 

5. If P be at H, the middle point of the edge BC of the 
tetrahedron, then HB, HC are in equilibrium^ and the resultant of 
the system is the resultant of HA, HD, that is, 2HF, where F is the 
middle point of the oj^site edge AD. But the resultant is 4HGy 
therefore G bisec.ts the line HF. Hence the lines joining the 
middle points of opposite edges of a tetrahedron are concurrent and 
bisect each other. 



Seventh Meeting^ May lith^ 1886. 



Dr Ferguson, F.ILS.K, President, in the Chair. 



Note on Euclid IL 11. 
By the Bight Hon. Hugh C. E. Ohilders. 

[The following method of dividing a straight line in medial section 
was communicated to Mr Munn of the Edinburgh High School, by 
the Bight Hon. Hugh C* K Ghilders in January last.] 

Let AB be the line. (Fig 56). 

Draw AC = JAB, and at right angles to it. Join CB, Bisect 
the angle ACB with CD, cutting AB at D. Draw DE at right 
angles to CB. Then the trian^es CAD, CED are equal, and 
AD = DE. Draw a circle with DA and DE radii, cutting AB at F. 

Then since DEC is a right angle, BC is a tangent to the circle, 
and triangles BCA, BDE are similar. 
But B A = 2C A ; therefore BE = 2DE = AF. 
ThenBA-BF = BE* 

= AF«, 
and F is the required point of division. 
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On the Theory ot Contours, 
and its Applications in Physical Science. 

By W. Peddik. 

PART II. 

1. In the first part of this paper we have considered merely the 
contours of curves, that is, contour points, and the method of obtain- 
ing the various physical diagrams. In this part we shall consider 
chiefly the contours of surfaces ; that is, contour lines. 

If any curve be cut by planes parallel to that of (aj, y) and if the 
various points of intersection be projected on any one of these planes, 
say 2J = 0, the contour points so obtained will evidently lie on a definite 
line, and the line will be more accurately indicated in proportion as 
the number of intersecting planes is greater and their mutual distance 
is less. It will be given without any break in continuity by project- 
ing every point of the curve upon the plane « = 0. But such a line 
may be regarded as the intersection, by the plane « = 0, (see fig, 48) 
of a cylindrical surface whose generating lines are parallel to the 
2;-axis and are drawn from the given curve to meet that plane. We 
have here then the intersection of a given surface by a surface over 
which z is constant. But this satisfies our definition of a contour 
line. This case of a cylindrical surface supplies the simplest system 
of contour lines by giving z difierent values. The contours are all 
superposed in the diagram, but are not in general conterminous. The 
only case in which they would bo conterminous is that in which the 
same values of the x and y co-ordinates of a point on the curve 
correspond to difierent values of the 2K;o-ordinate. 

2. In the case of a non-cylindrical surface, no part of the contours 
will be superposable in general. The contours of a sphere, for example, 
are concentric circles. And, just as in the case of contour points the 
steepness of slope of the original curve is indicated by the closeness 
of the contour points on the a>axis for equal increments of y, so in the 
case of contour lines the steepness of slope of the surface is indicated 
by the closeness of the contour lines for equal increments of z (see ^g, 49). 
The contours are closer when their radii are large. 

Again, the contours of a right circular cone are also concentric 
circles. These circles however are all at equal distances apart for 
equal increments of ». 
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Jn my paper on the Representation of the Physical Properties of 
substances by means of Surfaces, read before this Society two sessions 
ago, I have collected together the methods of deducing the general 
properties of a surface from its contours. In this connection Max- 
well's and Cayley's investigations referred to in that paper should be 
consulted. The differences between Maxwell's diagram of the con- 
tours of an inland basin and that of the contours of an insular high- 
land, as mapped in our Proceedings for 1 883-84, should be noted. 

3. We shall now consider special surfaces the contours of which 

may be used to indicate certain physical properties. 

We have the equation 

g = iir'lie 

connecting I the length of a pendulum, t its time of oscillation, and g 
the value of gravity. Tf ^ and I be measured along two rectangular 
horizontal axes, and g be measured vertically from the same origin, 
we obtain a surface the contours of which give the values of ^ and I 
for any given value of g. This surface is obviously that which Max- 
well has called a shew screw surface (fig. 50), and its contours are 
straight lines through the origin variously inclined to the axes. 
The intrinsic equation of the circle is 

s^a^ 
where a is the radius, and <^ is the angle between the radius-vector 
and the initial line. Hence the intrinsic equation of one involute is 

This involute is the one which meets the circle at the position, 
from which (^ is reckoned, and s' is measured along it from this point. 
If we consider a to be the mass of a moving body, and </> to be its 
speed, s and s' are respectively its momentum and kinetic energy. 
Fig. 51 represents two circles with their involutes satisfying the above 
conditions. The curves in that figure may be regarded as the contours 
of a right circular cone and an associated surface so formed that its 
intersection by any plane parallel to that of the diagram is an involute 
of the circle in which the cone is cut by the same plane. 

The acceleration and speed of a body falling under the action of 
gravity, and the space passed over by it, are given by the known 
equations 
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Hence these various quantities can be represented also by the contours 

of the surfaces just considered. Only in this case 8 and s' must not 

be measured from the point for which </» is zero. 

Again, in the case of a thermo-electric circuit composed of two 

dissimilar metals, the electromotive force, E, is given in terms of t, 

the difference of temperature of the two junctions, by means of the 

formula 

E=^a + bt + c(^. 

Also the thermo-electric power e is given by the equation 

dt 
Hence the electromotive force and thermo-electric power are repre- 
sentable by means of the same surfaces. 

4. As an additional example the contours of the surface showing 
the relation of the pressure, volume, and temperature of a substance 
may be taken. These are shown for water-substance in our Proceed- 
ings for 1883-84. The contours are isothermals, when pressure and 
volume are the co-ordinate quantities in the diagram. It is only 
when the temperature considered happens to be one corresponding to 
a contour in the diigram that the relation of pressure and volume 
can be found. This fact, that only a finite number of curves corres- 
ponding to different values of the quantity which is constant along 
each curve, but varies from one to another, can be mapped, constitutes 
the great defect of the method of contours. But it can be entirely got 
rid of by using trilinear coordinates, and in addition the variation of 
a fourth quantity can be shown. For a perfect gas we have the 
equation 

where /?, v, and t represent respectively the pressure, volume, and 
temperature, and c is a quantity which depends on the nature of the 
gas and varies from one to another. Fig. 52 shows the contours for 
different values of c the triangle being equilateral for converience. 
Temperature is measured by the distance from the vertical side 
of the triangle of reference, and pressure and volume from the 
inclined sides. The equation shows that the curves are hyperbolas 
with vertical and horizontal axes. No part of the hyperbolas outside 
the triangle of reference has any physical meaning, as then either 
the pressure, volume, or temperature, or any two, or all of them, 
would be negative. This is impossible of course in a perfect gas. 



ei 

it is evident from this figure that pressure, volume, aad temperature 
for any one gas are continuously represented. 

5. Figure 62 evidently represents the contours of a surface by 
planes parallel to the plane of the diagram which may be looked 
upon as that corresponding to zero value of c. When e is zero, the 
hyperbola becomes the straight lines coinciding with the ddes AB, 
AO of the triangle of reference. When c is iiilinite, the side BC is 
part of the corresponding hyperbola. All points of vertical lines 
through B and lie upon the surface. These lines bound the ports 
of one sheet of the surface which correspond to real physical states 
of the gas, from those which do not. Outside the triangle the surface 
is evidently an overhanging precipice. 

If c and I have each a definite value, the point on the contour is 
nndet«rmtned. Let F (fig. 53) be fbe point giving the proper ratios of 
p, V, and t. Draw PM, PN, parallel to ttie sides of the triangle of refer- 
ence. Since the asymptotes of the hyperbrfa are parallel to the sides 
AB, AC, it follows that that part of the tangent at F intercepted by 
the sides of the triangle is bisected at the point of contact. Therefore 
AM = MQ, and AN = N&. Kow the compressibility £ of a gas is 
given by the ratio dc/iidp. But rfi>/rfp = MQ/MP=.NP/MP=w/p 
where v and p arf, as formerly stated, the per{>endiculars from P on 
the sides AB, AC respectively. Hence k = \jp, that is, the compressi- 
bility of a perfect gas is the reciprocal of the pressure, which is a 
hnown result. Similarly, it can be shown that the expansibility is 
Inversely proportional to the absolute temperature. 

The work done during isothermal expansion can also be found 
from the diagram. The position of the point F gives the ratio of p, 
V, and t, hut since t has a known constant value, the actual valaes of 
p and t? are also known. Hence FN ( =-pcosecBAC) is a known 
known function of v. If P move to Y the area PNN'P' = fpNAi 

= cosecBAC \pdv is a given multiple of the work 

6. The applicability of the method of contoui 
problems is evident. Electric stream liiips and 
may be regarded es contours of a surface. Ant 
equipotential lines crossing unit length of a stream ' 
to indicate the strength of current. So al: 
isobars, isotlicrmals and flow-lines of heat, <ti 
of contours. 




On certain forme of Vibration. 
By Ohablbb Ohbeb, M.A. 

Certain cases of motion in a gas contained in a spherical or in a 
cylindrical envelope or snrrounding a sphere or a cylinder have been 
considered by Professor Stokes and Lord Bajleigh, of which a clear 
idea may be obtained from chapters xviL and xviiL of Bayleigh's 
Sound. Their chief object is to determine the motion in the gas 
«hen the motion in the bounding surface is given, or to determine 
the modification in the nature of a Mrave being propagated through 
the gas by the presence of an obstacle. 

Kow if the spherical or cylindrical boundary be looked on as an 
elastic solid, then any vibration instituted in a contiguous liquid or 
gas will tend to produce vibrations in the boundary, precisely as any 
vibration set up in the solid will tend to produce vibrations in th« 
flnid. 

The object of tb.B present paper is to condder certain simple forma 
of vibration when the solid bonndaiy and the fluid are treated as one 
system. 

If u denote the radial displacement in a sphere or spherical shell 
at a distance r from the centre, p being the density, and m, n in 
Thomson and Tait's notation the elastic constants for the material, 
the equation for radial vibrations as given in Lamp's Zegona gur 
li EltutieilS* becomes 

dr m+n dfi ' ' 

It most be noticed that n=^ m=\+/i and S^^ in Lom&'a 

notation. Also the dilatation 8 = ^+— ... ... {2), 

or r ^ ' 

n from a previous paper by the author in the Froaeed- 
ticing that « = ", /=^ ? = -. 

e condition may be put in the forui 

(nt + «)8-4n- = normal traction ... {3).f 
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In(l)assaineuacosX^yandlet — ? — = a' ... ... (4), 

m + n 

then we have to determine uoab, function of r from 

dr\dr r / 
This may be put in the form 

3 
This is the well-known BesseFs equation,*^ and since -— is not an 

integer a complete solution is, A' and B' being arbitrary constants, 

vri = A'Jdkar) + B'J_^{kar) ... (6). 

If the sphere be solid B' must be zero, but for a shell both func- 
tions may exist. Leaving out a constant multiplier, we havef 

, / X 1 /C0S2 , . \ 

J_|(*)=--^(— + 8im) 

For convenience let A\kaf = A^ and B'(^)' = B, then for a solid 
sphere we have 

u = — — -cos^^- { — cosA^r j- ... (8) ; 

(Aw)'' rl kar J 

whence 5 = Acos^t-- ... ... (9). 

kar 

29r 
From (3) the periods — of the free vibrations of the sphere are 

tC 

given by (m + n)S - 47i — = when r = o, if a denote the radius of the 



(7). 



sphere. 
Hence we find 



kaucoikaa = 1 - — 1—nicaay . . . (10). 

4n 



One root is kaa = 0, none of the others are very small. 



* See the BesseVschen Funetionen of Neumann or Lommel. 

t Lommel, p. 118. Also Lord Bayleigh's Soundf vol. i., p. 278, Eqn. (3). 
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Now suppose an incompressible fluid to surround the sphere and 
to be otherwise unlimited. Then the vibrations existing in the 
sphere will cause vibrations of the same pitch in the fluid of a purely 
radial character also. Thus the velocity potential <^ for the fluid 
motion is a function only of r and ty therefore ^<f} = 0* reduces to 

S+-#=o ("V 

or* r dr 
Obviously a solutionis <^ = I — + DJsin^ ... ... (12), 

where and D are arbitrary constants. This solution gives the 
velocity -? zero at infinity, and from the equation at the surface of 

the sphere we can determine and D in terms of A and so satisfy 
all necessary conditions. 

It is obvious that the fluid in contact with the sphere must have 
the same normal velocity as the sphere ; thus when r=ay 

d<f> du /I Qv 

Again the pressure on the surface of the sphere is the fluid pres- 
sure, and thus the variable parts of these must be identical. Now, 
if o- be the density and p the variable part of the fluid pressure, and 
if the action of gravity be disregarded, and the square of the velocity 
neglected, 

. #+^=0 (U)t; 

therefore irom (3), when r = a 

<r-? = (m + «)S - 4w — •.* ... (15), 

dt T 

Determining and D in terms of A from (13) and (15), and 
substituting in (12) we obtain 

o\ 1 {wJcojo, 7 1 . 1 f / vsinAjflwr 



*-M-('-;)M^-~*"}*K*"— '■ 



huk 



Qzaa)\ koa //j ^ ^ 



* See Lamb*B Motion of Fluids, § 43. 

t See Lamb's Motion of Fluids, Eqn. (4), p. 20, putting F («) -0. 
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Thisgi^es ^=-A?^(^_eos*aa| ... (17). 

Thus the velocity in the fluid is independent of cr, and of course 
varies inversely as the square of the distance from the centre. 

If the vibration be one of those natural to the sphere, we see 

from (10) that (16) becomes, the co-efficient of — vanishing, 

<r 

<^ = - -— -sinA;q I H— i cosAjoaJ- ... (IS). 

kar \ r / 1 koM J 

In this case we see from (14) that the variable part of the fluid 
pressure is directly proportional to its density. 

If kaa be small, which however excludes the vibrations natural 
to the sphere, an approximate solution is from (17) 

^^-lAk'^sinkt (19). 

dr IT 

Suppose next that the solid sphere is surrounded by a gas. 
Then (8) and (9) will still represent the motion in the sphere, and if 
or now denote the density of the gas, whose vibrations are supposed 
not very large, (13) and (15)* will also give the surface conditions. 
But if <f> denote the velocity potential in the gas, the vibrations in 
which are purely radial, the equation is nowf 

Xdr* r drj de ^ ' 

where c is the velocity of sound in the gas. 

Assume <f> cxsirJUy then (20) may be put in the form 

The two solutions of this equation are JJ A;— j and J__j| ^— I, 

both of which will apply since the gas is excluded from the origin. 

FromLommel,orby direct trial, Jj(2;) a— sin«,andJ_j(2;)a— cos»; 
therefore a complete solution of (21) is 



* See Lord Bayleigh's Sound, Eqn. (6) of § 244. 
t Lamb's Motion of Fluids, Eqn. (12) of § 167. 
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Esin/- j + Fcos- 



<l> = BinIU 1^14 ... (22), 

kr 



c 
where E and F are arbitrary constants. 

If for shortness 



then it will be found from (13) and (15) that 

E = a[ - Hcos^ + k{cos^ + ^sin^}] 

and F = aI Hsin K< sin — — — cos — \ 1. 

Whence from (22) 

(K - H)sin(ifc!l:i?) + K^cos(;fc!l=^\ 

<^ = AsinA;« ^ ^ f ^ ^ f (25). 

kr 

c 

If the vibration be one of those natural to the sphere, then, from 
(10), K = 0, and reducing H we get 

sinl^ ~ I 

<l>^- Aka'mJtb'!!}±^ ™? \ " ' (26). 

4n kaua kr 

c 

From (14) it appears that in this case the variable part of the 
pressure is everywhere and at all times directly proportional to or. 

If the vibration be not one of those natural to the sphere^ but be 
such that kaa, is small, then approximately 

H = Jifca' ... (27), andK = ?-^^ ... (28). 

oktr 

ka 
Introducing these values in (25) and noticing that — , though for 

c 

large values of r not — , is also small we get a very simple result. 

c 
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To give some idea of the relative magnitudes of c and — we maj 

a 

mention that in the G. G. S. system of units c is about 33000 for air 

at O'^G. 

It is difficult to give exact values for a as different experimenters 

get different results, in many cases doubtless owing to the difference 

between specimens nominally the same ; but for metals such as brass 

or iron it is safe to say that to take — = 15000 gives at all events a 

a 

correct idea of its dimensions. Thus if we assume kaa small we 

must also take — smalL 

c 

From (25) we can determine A so as to get a given amplitude of 
vibration over any spherical surface concentric with the solid sphere. 
We might thus suppose the motion to be forced by an arbitrary 
purely radial vibration of any elastic spherical membrane containing 
the gas, in whole or in part, and concentric with the solid sphere. 
The consequent forced vibrations in the sphere are then given by (8). 

Suppose next a spherical shell of elastic solid structure, the radii 
of whose surfaces are r=iay and r = a', containing a gas and itself 
surrounded by gas. We need not in the first place consider the 
surrounding gas. 

From (5), (6), (7), and (8) we see that a suitable solution for a 

27r 
vibration of period - - in the shell is 

giving ^"^T, — ■{'^si^ci^ + BcosAarl ,.. (30). 

By making the expression (3), namely, (m + w)S- 4n— vanish 

r 

over both surfaces r = a and r = a' we find, after eliminating A and B, 
for the equation giving the frequency of the free radial vibrations of 
the shell 
ka{a - a')ooika(a - a') • 4w{(m + n)I^a^aa' + 4n} = 

(m + n)2A*aVa'2-4w(m + n)^a2(a^ + a'2) + 16n2(l+A;»a«aa') ... (31). 

If be small an approximate solution will be found to be 

a 



k 
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;fe^^VH3m-n)} ,33. 

T'or the contained gas we see from (21) and (22) that a suitable 

. kr 
sm — 

solution is <^ = EsinA;^— r-^ ... ... ... (33), 

kr 

c 

as this remains finite and — vanishes when r = 0. 

dr 

The equations (13) and (15) apply at the surface r = a. From 
these, if H and K have the same form as in (23) and (24), and if 

further "L^^T-i-i +sinA;aa}- ... .., ... (34) 

kal kaa J 

we find, noticing that KL - H!M = ^^4— > 

kraraa- 

A = 1 Lsin — -M-{sm — - — cos — > I ... (00) 

m + n L c \ c e c ) 1 

J T> E^'aVcrxr ( ' ka ka ka\ tt • ^1 /q'7\ 

and B = 1 K< sm— - —cos — \ - Hisin — I ... (37). 

m + n \. \ c c c J c J 

Substituting these values in (29) we have the solution completely 
expressed in terms of the one arbitrary constant E, which may be 
determined so that the vibration at any distance from the centre, 
whether in the gas or in the shell, may have a given amplitude. 

If the vibration be one of those natural to the shell, on the usual 

theory, we have the right hand side of (15) vanishing, and thus from 

. ka 
sm — 

(33) we should also have o-E = 0. 

ka 

c 
If we regard terms in o- as negligible this is satisfied, but other- 
wise the result is in general impossible. We cannot suppose E to 
vanish, as then no vibration would exist either in the gas or in the 

kfL 
shell. The solution = iw could happen only through accident, 

c 
as k is one of a series of numbers already determined. If for instance 
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we suppose the shell very thin we see from (32) that ka^^iir could 

happen only if ac = v W ^ "^f / ,,^ ,,^ ,,^ (38). 

nr(m + n) 

The ratio m : n is not known with much certainty for any solids, 

in fact it forms one of the most disputed points in the range of 

Physical Science. We will at least approach to an average result if 

we take Poisson's value 2 for this ratio. This would require 

21 
toe a - roughly, which, even taking t = 1, is considerably too small 

for most combinations of a gas and a solid. The smaller c is, the 
more nearly would (38) be true ; thus carbonic acid gas for which e 
is about 26000 would more nearly suit the conditions than air, which 
in turn would suit very much better than hydrogen. 

The real solution of the difficulty is that if o* be not negligible a 
vibration natural to the shell, as usually defined, cannot really exist, 
while if the period approach closely to one of ihose natural to the 
shell E must be small if o- be big. Thus if the gas be at a high pres- 
sure it will very seriously muffle those vibrations of the shell which at 
small pressures would be far the most important.. It is well known 
that the amplitude of vibration of any elastic body under the influence 
of a periodic force is comparatively small, unless the period of the 
force approximate to one of the natural periods of vibration of the 
elastic body. Thus great importance may attach to the values of or 
and of ac as modifying the amplitude and period of vibration under 
certain forms of excitation. 

For the gas surrounding the shell we may take the solution (22), 
writing E' for E and F for F. Then to determine E' and F' in 
terms of A and B, and so of E, we have the equations (13) and (15) 
applied to the surface r = a*. If we denote the value of H &c., when 
a' is written for a by H' tkc., we find 

E'sin— + Fcos^ = ^'(K'A + M'B) . . . (39) 

c c c 

and E'cos^' - Fsin— = (K' - H')A + (M' - L')B (40). 

c c 

These give E' and F' simply in terms of A and B, and so of E by 
means of (36) and (37). Thus the vibrations in the shell as well as 
in the enclosed and surrounding gases are, all expressed in terms of 
the one constant E. Thus the motion might be produced by forced 
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displacement of the surface of the shell, or of any ooncentiic spherical 
membrane. We can obviously extend the method to any series of 
concentric elastic solid spherical shells separated by layers of gas. 
Exactly the same method also applies to concentric contiguous layers 
of different elastic solids or of different gases. 

If the vibration be one natural to the shell we must have K'A 
+ M'B = 0, and therefore from (39) and (40) 

Fcosec— = - E'sec— « (H'A + L'B) ... (41). 
c c 

There is no difficulty in satisfying these equations for all values 
of (T. It should however be noticed that since E' and F' are deter- 
mined, a difficulty would arise if the gas surrounding the shell were 
in turn bounded by a surface such as to restrict the motion in the 
gas. If for instance this new boundary were a rigid spherical shell 

this would require — to vanish for a given value of r, which of course 

could happen only accidentally ; though if the radius of this boundary 
were large this defect might be neglected. Further, in the case of 
the natural vibration, the above equation (41) shews from the values 
of H' and L', to be obtained from (23) and (36) by writing a' for a, 

that E' and F do not contain terms in—. Thus from (22) the value 

or 

of if} for the surrounding gas contains no term in — , and .therefore 

or 

from (14) the variable part of the pressure in this gas is directly 

proportional to <r. 

Thus by diminishing the density of c gas surrounding a sphere 
performing free radial vibrations the sound should appear weakened 
to an observer surrounded by this rarefied atmosphere. If the 
rarefied gas be surrounded by an elastic solid envelope, the variable 

gaseous pressure .^ on the inside of this envelope being diminished 

will in turn diminish the variation in the pressure transmitted 
through the envelope to the gas surrounding it. Thus a lowering in 
the sound would also be perceived by an observer though not actually 
inside the space containing the rarefied gas. 

Similar methods are applicable to the case of the vibrations in two 
dimensions of a right circular cylinder containing or surrounded by a 
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fluid. We shall sappose no displacement parallel to the length of the 
cylinder which we assume to be so long that we may n^lect the con- 
ditions at its ends. The following solution would thus strictly as- 
sume the ends of the cylinder maintained at a constant distance apart 
by suitably varying normal forces, which suitable supports would give. 
The results should also be limited to points in the fluid the distances 
of which from the central cross section of the cylinder are consider- 
ably less than half the length of the cylinder. If, however, the cross 
section be small, these limitations may be disregarded, excluding points 
in the axis of the cylinder produced. 

If u denote the displacement for purely radial vibrations in the 
cross section, the equation of motion for the cylinder is 

dS_ p (Pu 



dr m + n d^ 



(*2),^ 



where now, however 



5=§?+^ (43V 

dr r ' 



Also, the surface condition is now 

(m;+ w)5 - 2n~ = normal traction ... (44).* 

Assuming a vibration of period -jt we have to determine u as a 
function of r irom. 

where a has the same meaning as before. 

This is a Bessel's equation, the two solutions being denoted by 
Ji(A;ar) and Yi(A;ar), the latter occurring only for a hollow cylinder. 

Thus, A being an arbitrary constant, we have for a solid cylinder 

w = AcosA;^ Ji(A;ar) ... ... (46). 

If h denote the radius of the cylinder, it will be found from (44) 
that the periods of free vibration, as usually defined, are given by 

(m + n)Z;qzab) + (m -^ '^f^^ = - (47) 

where Ji{kab) = r— 7- Ji(^ct^)) putting r = b after differentiation. 



* See a paper by the author in the Philosophical Magazine^ February 1886, 
pp. 81, 82. 
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Suppose now the cylinder surrounded by an incompressible 
fluid of density o-. The velocity potential will be given by 

^^-f-" <*«>■ 

A suitable solution is 

il> = amkt{Clogr + 'D) ... ... (49), 

where and D are arbitrary constants. 
The Burfece conditions are obviously 

du _d4> 



dt dr 
and 



(50) 



(m + n)5-2n-=o--^ ... ... (61) 

r dt 

when r = 6. 

From these two equations G and D are given in terms of A, and 

it will be found that (49) becomes 

</> = Asin^J -A;6Ji(^a5)log— + — ■{(m + n)Ji'(A;a5) 

Hr^-nf-^)] ... ... (52) 

Thus the velocity in the fluid is given by 

^=-4*?Ji(*a6)sinA< (53), 

dT T 

which is independent of o-, and of course inversely proportional to the 

distance from the axis. 

If the vibration be one of those natural to the cylinder the coefficient 

of — in (52) vanishes. Thus o-.^, that is, the variable pressure in 
<r dt 

the fluid is directly proportional to or. 

For a gas surrounding a solid cylinder the velocity potential is 

given by 

^S4^)-^ ("). 

where c denotes the velocity of sound in the gas. 

27r 
Assuming a vibration of period — , we get to determine <^ as a function 
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of r the Bessel's equation of zero order, viz., 

The two solutions are denoted by JqI 1 and Yol — I, the latter oc- 
curring only when the gas is excluded from the axis r = 0. Supposing 
this the case, we may take 

«^ = sin^^[cJo(^) + DYo(^)l ... (66), 

where C and D are arbitrary constants. Determining them from 
(50) and (51), we get 

*-4-'^*'['^«W?)M7)-'-0(7)} 

-Yo(^)jo'(^)}] (57), 

Where for shortness A = Jo(^WoY^) - Yo/^WZ-V 

kh 
It is easy to prove* that A == (numerical factor), and so A can 

c 
never vanish, and no forced vibration could become infinite. 

If the vibration be one of those natural to the cylinder, the co- 
efficient of — in (57) vanishes, and the variable part of the pressure 

(T 

in the gas is directly proportional to o- while the velocity is indepen- 
dent of <r. 

Considering next a hollow cylinder, we get for the radial vibrations 

w = cosA;«{AJi(Akir) + BYi(A;ar)} ... ... (58). 

The free vibrations, as usually defined, are given by the equation 
in k which results from the elimination of A and B by means of the 

conditions (m + w)5 - 2n — = at both surfaces r = h and r = h'. If 

r b 



* .See a paper by the author in the Messenger of Mathematics^ Jane 1885, p. 20. 
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be very small an approximate solution will be found to be 

hab = Uk^ (59). 

For a gas inside this cylinder the velocity potential will be given 
by the single term ^ 

<^ = Csin^&rol — I ... ... (60). 

The equations (50) and (51) at the surface r = 5 give 

?.J,'/^\= - {AJi(A;a6) + BYi(A;a6)} ... (61), 

and <rCJo(-) = Aa{(m + n)3{{kah) + (m - nfJ^l\ 

+ Ba|(m + n)Y{{kob) + (m - «)Ili^ | . . . (62). 

These determine A and £ in terms of G. 

If the vibration be one of those natural to the shell the second 
side of (62) vanishes. If o- be not negligible this could happen only 

if = 0, or if Jo(— j = 0. But the ratio of A : B and the value of k 

are determined from the conditions that the normal pressures vanish 
over the surfaces r = 6 and r = 6'; therefore = would from (61) 
require both A and B to vanish, and so no vibration would exist. 

So again, JqI — I could vanish only through accident. For instance, 

in a very thin shell (59) shows that this could happen only if 

Jo / — vA ^^\ > = 0. Since the least root of JJiz) is about 2.4 there 
I ac{m + n) J 

are certainly very few cases in which this could occur. The explanation 

of the difficulty is exactly the same as for the corresponding case of 

the spherical shell, and so need not be repeated. 

If the shell be surrounded by the same or any other gas, the 

equations (50) and (51) at the outer surface r = 6' suffice to determine 

the two arbitrary constants which occur in the velocity potential for 

the gas in terms of 0. Thus all the details of the motion are known 

provided the amplitude of the vibration at any one distance from the 

axis of the shell be given. The results are so exactly similar to those 

already obtained for the sphere that it is unnecessary to point out 



i 
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how they may be extended to any number of coaxial cylindrical layers 
of different substances, solid and fluid. We would only remark that 
a diminution of density in the gas surrounding the cylinder has ex- 
actly the same effect in diminishing the variable part of the pressure, 
and so lowering the sound, as it had in the case of the spherical 
shelL 



£ighih Meeting^ June llth, 1886. 



Dr Ferguson, F.R.S.E., President, in the Chair. 



A. Problem in Combiiiations. 
By Alexander Robertson, M.A. 

L 

Given sets of balls of different colours, in how many ways may 
they be arranged in line so that no two balls of the same colour shall 
come together. 

If we have two colours only, and the same number m of each 
colour, there are evidently two arrangements possible ; if we have 
w, m - 1 respectively, only one arrangement is possible ; if we have 
m, w - 2 ; f/», wi - 3, &c., no arrangement is possible. We may write 
these results 

(m, m) = 2, (?n, m - 1) = 1, (m, w - 2) = 0, (?n, w - 3) = 0, Ac. 

In the sequel we shall consider three colours only, say m white 
balls, n black balls, and p red balls. The number of arrangements is 
denoted by (mnp), and in general we shall take m greater than n 
and n greater than p, but not always. 

Keeping m and n constant, the smallest value oi p is m-n- I, 
There is also a superior limit to p ; taking n as then the smallest we 
should have, smallest value of 7i=jo-m-l, therefore j9 = w + w + 1, 
and therefore the total number of values of pi8 2n + 3. For example, 
let m = 5 and n = 2, the smallest value of p is 2 and the greatest 8 ; 
or p may have seven values, so that arrangements are possible with 
522, 523, 524, 525, 526, 527, 528. If, however, m and n are equal, 
the case is slightly different ; then the smallest value of j5 is 0, and 
the greatest is 2m + 1, or ;? has 2m + 2 values. 



Ik 
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We proceed now to'discuss the number of arrangementsof 4 white (W), 
3 black (B), and 2 red (E) balls, or (432). The natural way would be to 
write the 9 numerals on 9 cards, and first find the possible arrangements 

of the 4 white balls, by considering in how many ways 123 9 may 

be arranged 4 at a time so that no two consecutive numbers shall come 
together. We find that we have 15 such arrangements, which are 
given in the table, with the remainders of 5 places for the other balls. 







Bemainders. 


Values. 


(I) 


1357 


24689 


6 


(2) 


1358 


24679 


6 


(3) 


1359 


24678 


3 


(4) 


1368 


24579 


6 


(6) 


1469 


24578 


4 


(6) 


1379 


24568 


3 


(7) 


1468 


23579 


6 


(8) 


1469 


23578 


4 


(9) 


1479 


23568 


4 


(10) 


1579 


23468 


3 


(11) 


2468 


13579 


10 


(12) 


2469 


13578 


6 


(13) 


2479 


13568 


6 


(14) 


' 2579 


13468 


6 


(16) 


3579 


12468 


6 
79 in bH 



We have now to take these remainders and divide each into 

groups of 3's and 2's, rejecting all those in which two consecutive 

numbers come together. Thus, taking the first remainder 24689, it 

gives 

246 $$ 

248 69 

249 68 

268 49 

269 48 

468 29 

469 28 

m 
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So that rejecting the unsuitable ones, we get six possible arrangements. 
We may call this the value due to this first remainder. Treating 
them all in the same way we get the third column of the table, or 
values due to the different remainders, and the sum of these being 79 
gives us the result 

(432) = 79. 

Generalizing this method, the number of arrangements of the m W 
balls is C^a^K The following table gives specimens of the value 
due to a good many remainders. The value is found to depend en- 
tirely on the number and range of the sequences in the different 
remainders. This will abridge the work very much. The value is a 
maximum when there is no sequence, and is then 0^"^' as in the 11th 
remainder in the above table. 



Species 


of 




Species of 






sequenoeB, 


Values. 


sequences. 




Values. 


(0) 




c:** 


(3.3) 




rjn+jp-4 


(2) 




20'jr' 


(2,4) 




4o:is^ 


(3) 




•c:ir' 


(2,5) 




2C;ir* 


(i) 




20;^ 


(3.4) 




2Cn+p6 


(5) 




cuir 


(2, 2, 2) 




8c:jir' 


(6) 




2c:+r^ 


(2, 2, 3) 




4C;jj- 


(2,2) 




4c:jr* 


(2, 3, 3) 




20;;^ 


(2.3) 




^o-jr" 


(2, 2, 2, 2) 




i6c^+r' 


work for (432) 


may therefore 


be put down i 


i& follows 




Species. 


Number. 


Value. Arrangements. 




(0) 


1 


10 


10 






(2) 


8 


6 


48 






(3) 


3 


3 


9 






(22) 


3 


4 


12 





15 
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Application to (543). 
Number of arrangements of the 5 = OJ = 56. 

On analysing the remainders as to their sequences we get the fol- 
lowing results — 
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Species. Number. Value, Arrangements. 



(2) 


6 


20 


120 


(3) 


10 


10 


100 


(4) 


4 


6 


24 


(2,2) 


20 


12 


240 


(2,3) 


12 


6 


72 


(2, 2, 2) 


4 


8 


32 



588 



11. 

We have now to discuss a general theorem which will enable us 
to make the number of arrangements in any case depend on similar 
arrangements with a smaller number of elements. 

General Theorem. 

(mnp) = (w - 1, TO - 1, jt?) + (m - 1, w, p - 1) + (m, n - 1, jt? - 1) 
H-2(m-l, w-1, jt?-l) 

I^t ^mnpi ^mnpi ^mnp denotc those of (mnp) which commence with 
a W, a B, or a K respectively, so that 

{mnp)^(W + B + n)^„^ 

If we have one W ball more, and put it on at the beginning of the 
B and R portions of (mnp) we e^adently get the "W part of (m + 1, n, jo) 
that is 

"^,,,+1, ^ p = (B + R)„»„p 

Similarly W^„p = (B + R)^i=i: „. ^ 

so B^„^ =(W + R)^.;iZi;p 

and R„»„p = ( W + B)^, ^ ^ 

therefore (mnp) = ( W + B + R)^„p 

= (B + R)_,.^p + (W + R)^.,>,., + (W + B)^,^^, 

But B^i. «. J, = (W + R);^. —r.p 

^in^, n, j> == \ " + -"^/m— 1, n. p-1 
" m,«=^, p = (-^ + ■^)m=l. n=r, p 
Rm,n^,p= ( '^ "^ ^)m,n-i,T^ 
^m, n,i^ = (-B + ■^)»ii=i, n. p^T 
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therefore (nrnp) = (2W + B + R)«, j3..i;ri + (W + 2B + R);;^,. ^^n 

+ (W + B + 2R)s:5— 1,, 
= (m, n-l,p-l) + (m-l,n,p~\) + {m-l,n-l,p) 

+ "m, »— l,i>-l.+ -I'm— 1, «, j>-l + Ish— 1, »— 1,11 

But W^ ^,.^, = (B + R)_^ ^,. ^, 

■^m— 1, fi. j»-l = ( " + I*')m-1. n-1, j»-l 
■**f»^-l, «— 1, p = \ " + -^Jm-l, n— 1, p-1 

therefore W^^_i.^i + B^i.,,^i + It^i „_i.,= 2(m-l, n-l,|?-l) 
therefore (wwjo) = (m - 1, w ~ 1, jo) + (m - 1, w,jt> - 1) + {m, n - I, p - 1) 

+ 2(m-l, w-l,jt>-l). 

This gives us a quick method of calculating the number of arrange- 
ments in any case. 

Application to find (432). 

(211) (311) (221) (321) 



(101) = 2 


(201) = 1 


(111) = 6 


(211) = 6 


(110) = 2 


(210) = 1 


(120) = 1 


(220) = 2 


(200) = 


(300) = 


(210) = 1 


(310) = 


2(100) = 2 


2(200) = 


2(1 10) = 4 


2(210) = 2 



6 2 12 10 

(421) (331) (322) (432) 



(311) = 2 (221) = 12 (212) = 12 (322) = 38 

(320) = 1 (230)= 1 (221) = 12 (331) = 18 

(410) = (320)= 1 (311)= 2 (421)= 3 

2(310) = 2(220)= 4 2(211) = 12 2(321) = 20 

3 18 38 : 79 

By this method the following table of the number of arrangements 
has been computed — 



I 
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(HI) 




6 


(544) 


1668 


(211) 




6 


(551) 


30 


(221) 




12 


(552) 


222 


(222) 




30 


(553) 


1026 


(311) 




2 


(554) 


3228 


(321) 




10 


(555) 


7188 


(322) 




38 

1 


(632) 


10 


(331) 




18 


(633) 


100 


(332) 




74 

• 


(641) 


5 


(333) 




174 


(642) 


70 


(421) 




3 


(643) 


445 


(422) 




24 


(644) 


1700 


(431) 




14 


(651) 


22 


(432) 




79 


(662) 


206 


(433) 




248 


(653) 


1150 


(441) 




24 


(654) 


4315 


(442) 




138 


(655) 


11492 


(443) 




480 


(661) 


36 


(444) 




1092 


(662) 


326 


(522) 




6 


(663) 


1882 


(531) 




4 


(664) 


7580 


(532) 




44 


(665) 


22274 


(533) 




212 


(666) 


48852 


(541) 




18 


(777) 


339720 


(542) 




135 


(888) 


2403588 


(543) 




588 


(999) 


17236524 


Thus, to find (543) 








(543) 










(433) = 


= 248 








(442) = 


= 138 








(532) = 


= 44 








2(432) = 


= 158 
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To extend the theorem. Let rst denote the arrangement 
(m - r, n-8, p- 1), then the theorem may be written 
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000= riO+ IOT+OIT+ 2.T1T 
therefore lTO= 220+ 2TT+ T2T+ 2.22T 

ToT=2TT+202+Ti2+ 2.2T2 

011= 121+ TT2+ 022+ 2.T22 
2ITT = 2(221) + 2(212) + 2(122) + 4(222) 
therefore 000 = 220 + 202 + 022 

+ 2(211 + 121+112) 
+ 4(221 + 212 + 122) 
+ 4.222 

that is i^np) = (m - 2, w - 2, jt?) + (m - 2, w, jt> - 2) + (m, w - 2, ^ - 2) 

+ 2{(m - 2, w - 1, jt? - 1) + (m - 1, w - 2, ;> - 1) 

+ (w-l, w-l,jt?-2)} 
+ 4{(m-2, w-2, jt?-l) + (m-2, w-l,;?-2) 

+ (m-l, w-2,j9-2)} 
+ 4(m-2, w-2,;?-2) 

and so on to any number of steps. 

Another mode of extending it is as follows, and is much simpler. 



As before 000 = 110 + 101 + 011 + 2.111 



therefore 111 = 221 + 212 + 122 + 2.222 



222 = 332 + 323 + 233 + 2.333 



333 = 443 + 434 + 344 + 2.444 
Add and reject terms which occur on both sides, we get 



000=110+101 + 011 



+ 221+212 + 122 



+ 332 + 323 + 233 



+ 443 + 434 + 344 



+ 111 + 222 + 333 + 2.444 
whose interpretation is obvious. 

III. 

Expression of the number of arrangements by an algebraic formula. 
Keep n and p constant, say w = 5, p = 2, and m variable, we have 



85 

(052) = 
(152)= 
(252) = 6 
(352)= 44 
(452) = 135 
(552) = 222 
(652) = 206 
(752) = 102 
(852)= 21 

If we divide by the co-efficients of the 8th power of a binomial we 
get a regular series. 

A H If W -S^ ¥ 21 

Multiply by 28, the L.C.M. of the denominators, and difference 

6 22 54 111 206 357 588 

6 16 32 57 95 151 231 

6 10 16 25 38 56 80 

4 6 9 13 18 24 

2 3 4 5 6 

1111 

therefore by finite differences 

(m52)=^^sr+4cr+2cr+cr^e«. 

v / 28 

It would, perhaps, be simpler to reject the 0, and divide by co- 
efficients of the 6th power instead of the 8th. 

Applying this process to mil, m21, m31, we would get mnl 

then to ml 2, m22, m32, „ „ mn2 
to ml 3, m23, m33, „ „ mn3 
and so on. 
(We do not actually require to find them all, for (m21) = (ml2), &c.) 

There results 

(mn3) = C?+'(Cr+i + 20?) + lOCrXaOjL, + 30^,) + 70(30" 3 + iCZ^ 

50"+^ 
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(mni) = Cj+'(OJn + 2C-'+.) + 10ej(2Cr + 3C^,) 

+ 70Cr'(3C;;L, + 4C;;l^) + 420(4C^, + 50^.) 

loor" 

(mn5) = C;+»(0?+, + 2CJV,) + 10Cr'(2Crn + 30?) 

+ 70Cr'(3C;^, + iCZ^) + 420C!r'(4Cr^ + 80;^.) 
+ 2310(5C^, + 6C^.) 

The numerical factors ^, 2, 5, 10 ^, &c., in the denominators are 

evidently 

iC|, iCi Jd, ics, iQ, &c. 

In the numerators occur the factors 1, 10, 70, 420^ 2310, &c., wliose 
law is not so obvioua Denoting them at present by A^, A2, A3, ^4, 
Aq, (fee, and by comparing the above results we may write 

(mnp) = A,C5±r'(Cj,^2 + 2C-.^^) 
+ A,CjJ:r»(2C-.,^ + 30-.^) 



QnH^l 



If in this we put m = n-py all the terms vanish except the last, 



therefore (n - jt?, w, p) = Ap(pC;;:^ +;? + 1 Cjl^..!. x iQH^Ji^ 
In this put n =j? + 1, we get. after some reductions 

tP + A> T'j a; -"p 1QH-2Q2P+2 

but we have already seen that 

_C ?+' + 2Cg+'(y + 2 ) 

Equate these values and reduce, we get 

A _ J'(P + 2) n»+»- (2;> + 2)! 
" 12 " 12(»-l)!(p+l).t 
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Hence 



(m«p) = lr^c;±r(c:+^ + 2c;r+,^) 
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By finding the r^ term of this expression, and making some obvious 
ipeductions, we get 

r^T* + i ^ 

the number of terms is not greater than p^ but may be less, from the 
vanishing of the last factor. 

This result may also be written more symilietrically 



»+p+l— m 



(m,m>) = ^((^^l + 0^(^1)0^1^ 1 



The following method will be found convenient when we wish to 
calculate all the arrangements possible when two elements rriy n are 
kept constant. 

Calculate the coefficients K by the formulae 

"IT" C\nr-\r\mf—\ _i_ p««— 1/^m— 1 

K^x = 2CrCr;La 
Then 

[m, w, m - w - 1) = K^ 

(w, n,m-n) = Cf +2K0 + Kj 

[w, w, w - w + 1) = Cf +'Ko + Cf+^Ki + Kg 

[m, w, m - 71 + 2) = Cr+«Ko + Cr+^K^ + CrK^ + K, 



(m, w, m + w-2) = Cr+^Ko + Cr+^Ki + CJ"K, +K^i 

(m,n, m + n-l) = Cr+2Ko + Cf+^Ka + CrK2 +CJK^i 

(m, n, m + n) = Cf+^Ko + Cf+^Kj + CJ^K^ + CfK^^i 

(m, w, m + « + l) = Ko + Ki+ IL, + Kj^j 

It may be noticed that the sums of alternate terms of these are 
equal, and that the total sum is always divisible by 16. 
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Trigonometrical Mnemonic. 
By John Alison, M.A. 




TANAk Cn JcotA 



COSECA 



If the functions be written as in the above figure, then 

1. Of any three functions written consecutively on a circular arc or 

on a diameter, the mean is the product of the extremes. Thus 
sinA = tan AcosA, 1 = sinAcosec A, and so on. 

2. In each triangle the square of the function written at the vertex 

turned downwards is equal to the sum of the squares of the 
functions written at the other two vertices. Thus P = sin*A 
+ cos'A, and so on. 



Notes on Integration by parts and by successive reduction. 

By George A. Gibson, M.A. 

My object in the following notes is to call attention to some points 
in integration by successive reduction which may be of use in direct- 
ing the choice of the particular form for the reduced integral in any 
given case. The remarks apply chiefly to the binomial differential 
of* (a + hx'^ydx which has been discussed from a different point of 
view by Dr Muir in vol. iii., p. 100 of the Proceedings. 

Let fix) be a function of x which may be written as the product 
of two functions u^ v of x. Let w' = — , Wj = udxy v^ = vdx <fec. 
Then the integral oif(x) • dx may be expressed in either of the forms 
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(i) m«)(ia;= u.vdx = t*i.v- Wi.v'cfe 

(ii) [/(^)cfo; ■= u.vdx = u.Vi - u'.Vidx. 

Now an integral to be found by successive reduction can often be 
treated by both of these formulae. Take /{x) = fc*(a + boc^y and put 
14 = a*", v = (a + ba^y ; we have therefore by (i) 

{x^(a + bx^ydx = ^"'^'(^ + ^^")'' _ _^ \ocr^(a + bx-)^'dx (A) 
J ^ ' m+1 m+lj ^ ' ^ ' 

Or we may put ^ = 05"*^+^ t? = af*~^(a + 5a5")^ and we get by (ii) 

(B) 

For present purposes, the indices m and j9 are the most important 

quantities of which the given integral is a function, and we may 

therefore denote a^{a + bx'^ydx by <^(m, p). Equation (A) then 

expresses <^(m, n) in terms of <^(m + », ^-1) and (B) in terms of 

<^(m -riyp + l); and it is clear that the operation of integrating by 

parts will generally alter both m and p, increasing one and decreasing 

the other. It should be noted however that m must become m±n 

and ^, /> + 1. But out of (A) and (B) we can readily get an integral 

in which only one index is altered, but altered by being reduced. 

(a + 5a;") - a 

For since x""^ = af*.^ ~ — we get 



<l>{m + w, ;? - 1) = -T \oir(a + ba^ydx - g [^"•(a + bix^)^^dx 

Substituting this value of <^(m + w, jt? - 1) in (A) we get 

. x'^Ha + baf'y anp ,, 

<^(m, p)^ ^ r^ + ^-^ ' <^(m, ^ - 1) (0) 

^^ '^^ m + np + l m + rip+l ^^ '-^ ^ V^/ 

In the same way since (a + 6a^)^^ = (a + 5a5*')^(a + fta), we have 

<^(m - w, p + 1) = a</)(m - w, j^) + 6<^(m, j^). 

Then we get from (B) 

x-^+^a + baf')^^ a(m-n+l) ,, 
<f>(m, ») = — —. —-^r ~ Tk ' ^\J^ " w, p) CD) 



J 
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^ msMi^ n^ <sdi«r '6^/a^ it. p; ')r '&« ,i«. ^ ^ I lod is a ^hbkLj 
^ rw;^ -vick 'Siu^ ")€ ^iu»5ie stXtst ianm mad work imdm 
itrM; iw^!9k rv^ thefbeMT ividi iniTHMinji izidex and :&aiL i i irwy iiy^ ^ 
piMtft, Hum n^^. htf9^ 

6^ ft 

JiK^^^nkC^ ^ :^^n.^haf'f^4x )nff p«ra, aod we get 



]a tiM man^ wKf hf htfpttnmg with the form ^m,p + l)wKget 

'rh#v pf/K;MW Hfyplii^r] to QTia-^-ha^ydx is eqaallj well suited for 

itiA cIam //f hitAgrAls of the type sin'*^; - eo%*xdx. Thus take 

u - iiiir./; ' vArm wid t^ - co«*^^a: : then we have 

r , fAn'^^^x ' coif^^x w - 1 f . ,_- ^. _ 

J m+1 m+lj 

|>i«noUiig n\n*^xc(m"xdx by ^(rw, n) wo see that ^(m, n) may be 

t»x|irn«WMl in imrm of ^(m+2, n-2), ^(m-2, 7i + 2), ^(m, w-2), 
\/,(^»ii 2, t»), ^(^'i -f 2, 7fc), \^(m, n + 2). Indeed it would be better for 
tn(u«liln^ |iur|H)Hoi4 to go through the various reductions for this 
inln^ral, nnd iht^ti to ootmider the more general case of the binomial 
(liirnrnttlinl. 

*V\\o ro«\ili« roM'hod may perhaps bo expressed as follows, it being 
\nulprRlnnd tlmt tho ** factors " rcforn>d to are of the kind considered 
in lht» t\oto: - 



91 

In integrating a product of two factors by parts, we get in the 
first instance a second integral in which one of the original factors 
appears with a lower index and the other with a higher, the decrease 
and the increase of the indices however following a definite law. 
This second integral may be altered by breaking up the ^tor whose 
index has been increased ; this breaking up will give the original 
integral and another in which the index of one ^tor is the same as 
in the original integral, while the index of the second factor is lower 
than at first. Lastly, if a form be desired in which one of the original 
indices is increased, the other index remaining unaltered, we first 
observe by how much it is possible to increase the index ; we take 
this integral with increased index, break it up into two integrals, and 
then integrate by parts. 



Qnestion proposee an Conconrs General ponr la classe de 

Mathematiqnes Speciales, 
Juin, 1886. 

Solution analytique par M. Paul Aubert. 

JEtani donnds tme surface du second ordre S et deux points A et By 
on m^ne par le point B une sScante qui rencontre la surface aux poi/ids 
(7, Cy et le plan pokdre du point A au point D. Soient M et M' les 
points (^ la droite AD rencontre les plams qui touclient la surface aux 
points G et G\ La secants BD toumant autour du point B^ on 
demands 

1°. Le Heu decrit 7/ar les points M et M*. 

2^ Ce Ueu se compose de deux surfaces du second ordre^ dont V une 
est vndependante de la position du point B, et V autre 2 depend de la 
position de ce point. Chercher ce qus devient la surface 2 qtuind, dans 
la construction qui donne les points de cette vwrface^ on fait jouer au 
point A le role du point By et inversement, 

S\ Le point A restant fioce^ determiner les positions occupies par le 
point B qiuxnd la surface '2 n* a pas un centre unique a distance fnie. 



1*. Kapportons la surface k un t^traklre de r^f^rence ayant pour 
ar6tes oppos^es la droite AB et la droite polaire conjugu^ A'£'. 
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ceUes de la droite A'B' | * "" ^ 

La surface a une ^uation de la forme 

oh V un des coefficients /, m, w peut avoir la forme k J - 1. 

Le point B est d^fini par trois plans < t^O 

\ax + by = 0^ 
et la droite mobile BO a pour ^nations 

^ ^\ \z + fit = 0, 
X, fi, et V 6tant des param^tres variables. 
Le point T> est done d^fini par le syst^me 

<.by+vz = 
( Xa + fU^O, 
et par suite la ^roite AD a pour Equations 

/jx (bj/ + vz^O 
^ ' \A« + /*< = 0. 
On sait qu' un point de la surface peut ^tre d^termin^ par Ics quan- 
tit^s a, )8, y assujetties aux relations 

^=sjo^cosa, my=jo<cosjS, nz^ptcoB^y 

(2) cos^a + cos*/? + cos*y = 1 . 

Le plan tangent k la surface en ce point a pour Equation 

(3) ^cosa + mycos^ + n^fcosy -pt = 0. 
Exprimons que le point de contact est sur la droite BC, il vient 

b 

(4) 

\ Xpcosy + nfi =0. 

Nous aurons le lieu des points M et M' en ^liminant A, fi, v, a, j8, y 
entre les Equations (1), (2), (3), et (4). 

L' Elimination de A, /a, v, et y entre les Equations (1) et (4) est im- 
mediate, et il reste k Eliminer a et /? entre les trois Equations qui 
restent : 

pltxcosa +pmtyco9/3 =pH^ - wV 
apmtzcosa + hpltzco^P = hlmyz 
pH^CQ^^a + pH^cos'P = j[>V - wV. 



— COS a H cosp H cosy = 

I m n 
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Cette operation conduit k Y Equation 

[6^wV -^0 + bbnYY + [am.(f^ - nV) - bmPxyY 

En d^veloppant cette Equation, et faisant passer tous les iermes au 
premier membre, on remarque apr^ quelques rMuctions la prince 
du facteur [wV + wV - jf^] de sorte que le lieu se compose des deux 
surfaces 

et b^PiPx" + my) + {b'P + a^m'){n^7? - fP) = 0. 

La premiere est le cdne circonscrit k la surface ayant le point A pour 

sommet ; la seconde est une surface du second ordre qui admet le 

t^traMre de reference comme t^traMre conjugu6. 

En ^crivant son ^nation sous la forme 

W{J^oi? + my + wV - ft") + a'm\ri?7? - pH") = 
on voit qu' elle est bitangente k la surface propose aux points d' inter- 
section de la droite AB avec cette surface. 

On pourrait achever compl^tement la question en revenant aux 
coordonn^es cart^siennes par des transformations simples, mais il 
pent 6tre int^ressant de voir comment on aurait pu arriver au r^sultat 
que nous venons d' obtenir en partant des coordonn^ cart^siennes. 
Kapportons done la surface k un syst^me de trois plans diam^traux 
conjugu6s ; elle a pour ^nation 

Aa:* + Ay + AV-l=0. 
Soient Xq y^ Zq les coordonn^s du point A, 

^a yi % » 99 B > 

X y z „ „ M, 

x' ^ sf „ „ , 

Un point quelconque de la droite AM a pour coordonn^es 

J__ x+Xx^ TT __ y+^yo T7 ^z+Xzp 
l + k 1 1 + X IJ 1 + X' 
Nous aurons le point D en assujettissant ces coordonn^es k verifier 
r ^nation du plan polaire du point A 

AXa:o + A'Yyo + A"Z«o-l = 0, 
ce qui donne 

Ax.{x + Xxo) + AVo(y + ^Vo) + A%(2J + Xzo) - (1 + A) = 0. 
Posons Ajxxo-\-A'yyo + A"zzo'-l = To 

Ax, +AV+AV-l = Eo 

On a A=-|^ 
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et les coordonn^ da point D sont 

Erg-Ppigf Ei>y-P<^> grg-PrZb 

^ - P, Eo - Pf E, - Pt 

D' autre part, le point D ^tant sor la droite qui j<Mnt le point 8 aa 
point 0, on doit avoir 

Egg - Ppa^ _ 0^ -f ftog' 

et des relations pareilles pour les denx antres ooordonn^es. II soffit 
maintenant d'exprimer que les valeurs de a/, y, s^ tiroes de ces troia 
relations v^fient les ^nations 

(1) Aa»j' + A'y3/ + A"a5'-l-0 

(2) Ax*^ + Ay« + A"»^ -1=0 

et d' ^liminer /i entre les relations ainsi obtenaes pour avoir F ^na- 
tion du lieu du point (xyz). 

En effectuant ce calcul on trouve apr^ 1' Elimination de ft 

. ^ [EqX - PqXoIP, - [EqE - P^'jg, 

P,»-EoE + P,[Eo-PoJ 
oil Pj « Aascj + A'yyi + A"2J2i - 1 

E-Ab» +Ay +AV -1. 

xf et «' ont des valeurs de mSme forme. 

Substituant ces expressions dans F ^nation (2) en ayant soin de 

mettre en Evidence les facteurs Eq, Pq, communs dans les valeurs 

des trois coordonnEes, il vient aprEs quelques reductions simples 

[Eo'E - Po»][EiEoE - Po'Ei - Pi% + 2PiPoPo^ - 
oil Po^ =« kx^x^ + A'yiyo + ^%^ - 1. 

Le lieu se compose done de deux surfaces^ 

Eo«E-Po* = 
qui est le cdne circonscrit par le point A, et 

(3) EjEoE - Po% - Pi% + 2P,PoPo^ = 
On reconnait Y equation d' une surface du second ordre bitangente 
4 la surface donnEe E = 0, car les termes qui suivent le premier fer- 
ment une expression du second degrE homog^ne en Pj et P^, et qui 
est par consequent de la forme (aP^ + )SPQ)(a Pj + /3To). On voit en 
mdme temps que la droite des contacts passe par les points A et B. 

2°. La rEponse k la question 2^ resulte immEdiatement de la 
symEtrie avec laquelle les indices et 1 entrent dans Y Equation (3), 
et de I'identitE Pq = Pi°. II suffit en effet pour obtenir ce que devient 
la surface quand le point B joue le r61e du point A, de permuter dans 
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r Equation (3) les indices et L On voit que oette permutation 
n' am^ne aucun changement. 

3^ Pour r^soudre la demifere partie du probl^me prenons pour axe 
oz le diam^tre de la surface qui passe par le point A et pour plan xoy 
le plan diametral conjugu^, les axes ox et oy ^tant deux diam^tres 
conjugu^s de la section. Nous aliens chercher les positions occupies 
par le point B dans le plan zox quand la surface 2 n'a pas un centre 
unique k distance finie. 

Dans ces hypotheses on a jCq = ^o = ^ et ^i = 0. 
Si on fait la transformation Ax == ^, Ay = 17, Aaj = f, 
r Equation de la surface 2 prend la forme 

(f 1' + f.' - l)(fo' - l)(f + if + f" - 1) - (fi. - 1)'(^.' + fi' - 1) 

- {L' - iMi + ifi - 1)" + 2(^^: + & - im - i)(f.£. - 1) = 0. 

II suffit de consid^rer, pour notre objet, les termes du second degr^ 
de cette Equation ; en les ordonnant il vient 

Cette forme quadratique pent se mettre sous la forme d' une somme 
alg^brique de trois carr^s ; pour que la surface 2 n' ait pas un centre 
unique k distance finie il faut et il suffit que le nombre de ces carr^s 
se reduise k deux. Nous aurons done le lieu des positions occupies 
par le point B en ^galant successivement k z6ro chacun des coefficients 
des carres. On obtient ainsi imm^diatement 

(^1' + fi' - mo - 1) = 0, c'est k dire $,' + (.» - 1 = 
(f.'-l)(fi"-l) = 0, „ „ „ Ci'-i=o 

$i%c - Cif - {L' - i)(Ci' - i)[(i - u.y - $.'] = 0. 

Celle-ci se reduit k 

{i-mw-{Ci'-i)iCo'--^)] =0. 

II suffit de remplacer dans ces Equations fj* par (1^ + %^ et de 
revenir aux coordonn^es oj, y, z pour avoir les surfaces sur lesquelles 
doit se trouver le point B. 

Soient 6, h' (fig. 57) les points oil oz rencontre la surface donn^e ; 
on voit que ces surfaces se composent des plans tangents LM, L'M' 
aux points oil V axe oz rencontre la surface donn^e, du plan polaire 
PQ du point A par rapport k cette surface, et d' une surface du 
second ordre bitangente k la surface proposde aux points h et h' ; 
cette surface est un hyperboloide H on un ellipsoide E suivant que 
oA est sup^rieur ou inf^rieur k oh, II est du reste tr^s facile de 
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reooimaitre la natiure de la surface S fnivant la positioii dn point B 
snr r one on 1' antre de ces surfaces en consid^rant le signe des co- 
efficients des carr^ qui ne sont pas nnls et en f ormant la condition 
poor que la surface 2 soit du genre cylindre. 
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